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Various classical methods exist for extracting the zeros of a

polyhomial

o LN N-1 .
. P(X) —,alX + a, + .. * a1

where a; # 0 and a1s85s00058 are complex numbers, when N=1,2,3,4,

N+1
for polynomials of higher degree, iterative numerical methods must be
used. In this material four iterative methods are presented for approxi-
mating the zeros of a polynomial using a digital computer. Newton's
method and Muiler's method are two well known iterative methods which
are presented.,vThey extract the zeros of ; polynomial by generatigg‘a_’
sequence of approximations converging to each zero. However, both of
these methods are very unstable when used on a polynomial which has
multiple zeros. That is, either they fail to converge to some, or all
of the zeros, or they converge to very Séd,approximations of the péiy;
nomial's zeros. .

This material introduces two new methods, the greates common
divisor (G.C.D.) method and the repeated greatest common divisor (repeated
G.C.D.) method, which are supefior methods for numerically approximating
the zeros of a polynomial having multiple zeros.

The above methods were all programmed in FORTRAN IV and comparisons

in time and accuracy are given. These programs were executed on the



IBM 360/50 computer as well as the UNIVAC 1108 and the CDC 6600
computer.

This material also contains complete documentations for six
FORTRAN IV programs. Flow charts, program listings, definition of
variables used in the program, and instructions for use of each program

are included.



PREFACE

Four iterative methods for approximating the zeros of a polynomial
using a digital computer are presented in this material. Chapter I is
an introduction. Chapters II and III contain Newton's and Muller's
methods, respectively. Chapters IV and V present two new methods which
depend upon finding the greatest common divisor of two polynomials.
Chapter VI contains a comparison of the four methods. ' Flow charts,
FORTRAN IV programs, and complete program documentations for these four
methods are presented in appendicies A through H.

I would like to express my appreciation to the National Aeronautics
and Space Administration,specifically the Manned Spacecraft Center in
Houston, Texas, for their fimancial support in making this work bossible
under grant number NASA NGR 37-002-084. I would also like to thank
Randy Snider, a graduate assistant supported by this grant, for the
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CHAPTER I
INTRODUCTION

Frequently in scientific work it becomes necessary to find the

zeros, real or complex, of the polynomial of degree N

N N-1
P(X) = alX + a, + oo T aNX + At

where a, # 0 and the coefficients a are complex numbers.

1

Various classical methods calculate the exact roots of polynomials of

Ny e \ AR §

degree 1,2,3, or 4. For polynomials of higher degree, no such methods
exist. Thus, to solve for the zeros of such polynomials, numerical
methods of iteration based on successive approximations must be
employed. In the following material four such methods are given which
are particularly suited for modern high speed computers.

Newton's method is an iterative procedure which generates a
sequence of successive approximations of a zero of P(X) by using the

iteration formula

Xn+l = Xn - P(Xn)/P (Xn).

An initial approximation to the zero is required to start the iterative
process., Under certain conditions this sequence will converge quadrat-
ically to the desired root. It is, however, necessary to compute the

value of the polynomial and its derivative for each step in the



iterative procedure. Once a zero of P(X) has been found, it is divided
out of P(X), giving a deflated polynomial of lower degree. P(X) is
replaced by the deflated polynomial and the iterative process is
applied to extract another zero of P(X). This procedure is repeated
until all zeros of P(X) have been found. The zeros may then be re-
checked and their accuracy possibly improved by using them as initial
approximations with Newton's process applied to the full (undeflated)
poiynomial.

Muller's method is also an iterative procedure generating a
sequence Xl’XZ""’Xh"" of successive approximations of a root of
P(X). This method converges almost. quadratically near a zero and does
not require the evaluation of the derivative of the polynomial.
Muller's method requires three distinct approximations of a root to
start the process of iteration. A quadratic equation is constructed
through the three given points as an approximation of P(X). The root

of the quadratic closest to Xn is taken as X the next approximation

nt+l’
to the zero. This process is then repeated on the last three points of
the sequence. After a root of P(X) has been found, P(X) is deflated,
and replaced in the above procedure by the deflated polynomial. After
all zeros of P(X) are found from successive deflations, they are
improved as in Newton's method.

The greatest common divisor method reduces the problem of finding
all zeros (possibly multiple zeros) of P(X) to one of extracting the
zeros of a polynomial Pl(X) = P(X)/D(X), all of whose zeros are simple.
D(X), the greatest common divisor of P(X) and its derivative, P'(X), is

obtained by repeated application of the division algorithm. Once Pl(X)

is obtained, some suitable method such as Newton's or Muller's method



is used to find the zeros of Pl(X)° By finding all the zeros of Pl(X)’
all the zeros of P(X) are obtained. The multiplicity of each zero may
then be determined.

The repeated greatest common divisor method repeatedly uses the
greatest common divisor method to extract the zeros of P(X) and their
multiplicities at the same time. That is, the repeated greatest
common divisor method reduces the problem of finding the zeros of P(X),
which possibly has multiple zeros, to one of finding the zeros of a
polynomial which has only simple zeros and the zeros of this polynomial
are all the zeros of P(X) of a given multiplicity. The repeated
greatest common divisor method must also use a supporting method such
as Newton's method or Muller's method.

Chapters II-V contain the examinations of these methods. Each
examination includes a development of the method together with the
conditions necessary for convergence of the method. Chapter VI contains
a comparison of the methods giving advantages and disadvantages of
each method.

A complete set of documentations is given for six FORTRAN IV
programs in Appendices A-H. Flow charts, program listings, definition
of variables used in the program, and instructions for use of each
program are included.

It should also be noted that the expressions '"zero of a polynomial®
and "root of a polynomial" and the words ''zero" and "root" are used

interchangeably in this material.



CHAPTER 11
NEWION'S METHOD
1. Derivation of the Algorithm

Newton's method is probably the most popular iterative procedufe
for finding the zeros of a polynomial. This fact 1s due to the excel-
lent results obtained, the simplicity of the computational routine, and
the fast rate of convergence obtained provided the initial approxima-
tion of a zero is close enough. Also, the method can be applied to the
extraction of complex as well as real zeros.

Consider the polynomial

N N-1
P(X) = alX + azx + o0 +;aNX + 81 (2—1)

where a; # 0 and the coefficients a are complex. The

153259 ° e,aN+l
algorithm for Newton's method can be derived by approximating P(X) by a

Taylor series expansion about an approximation, XO’ of a zero, a, of

P(X). Using only the first two terms of the expansion, the expression
)
P(X) = P(X)) + P (X)) (X - X;)
is obtained. If this equation is solved for P(X) = 0, then

0= P(XO) + P (XO)(X - XO)

results. Rearranging terms produces



0 = P(xo) + P'(xo) X - 2' (X)) X,

followed by

' 1
P (XO) XO - P(XO) =P (XO) X

from which division by P'(XO) produces
) v
X0 - P(XO)/P (XO) & X

which is the basic formula for Newton's method. Thus, in general, we
obtain the (n+l)th approximation, Xn+l’ of o from the nth approxima~

tion, Xn, by

X

ol Xn - P(Xn)/P (Xn). (2-2)

As a result of repeated use of this algorithm, we obtain the sequence

XO’Xl’XZ,QBG’Xn’."‘ (2-3)

of successive approximations of the root, a. It should be noted that
an initial approximation is necessary to start the iterative process
-for each new zero; that is, a polynomial of degree N may require N
initial approximations.

In order to dse equation (2-2), it is necessary to compute, for
each Xn’ the value of the polynomial, P(Xn), and its derivative,
Pi(xn). The division algorithm states that if P(X) and G(X) are
polynomials, then there exists polynomials H(X) and K(X) such that
P(X) = HX) G(X) + K(X) where K(X) = 0 or deg. K(X) < deg. G(X), From

this expression of P(X), the following remainder theorem is obtained:



Theorem 2.1. If P(X) is a polynomial and c is a complex number, then

the remainder obtained from dividing P(X) by (X -~ ¢) is P{(e).

The proof of Theorem 2.1 is given in [3, P. 102]. Thus, P(X) can
be written as P(X) = (X - ¢) H(X) + R where P(c) = R. P'(X) is then
obtained by the following theorem, the proof of which can be found in

I3, PP. 105-106].

Theorem 2.2, ifﬂP(X) and H(X) are polynomials and ¢ is a complex num-
ber such that P(X) = (X - ¢) H(X) + R where P(c) = R, then the remain-

der obtained from dividing H(X) by (X - ¢) is P'(c).

From synthetic division, an algorithm known as Horner's Method is

acquired for computing P(Xn) and P'(Xn).

Theorem 2.3. Let P(X) be defined as in equation (2-1) and let d be a

complex number, Define a sequence bl’bZ""’b by

N+1

RN 1 (2 =2,3,...,m).

Define another sequence C13CpssessCy by

g = by tdey (0=2,3,...M,

and P'(d) = ¢_. The elements b, ,b are the

l N 1’ 29aeo’bN
coefficients of the polynomial H(X) in Theorem 2.2 when P(X) is divided.

Then P(d) = bN+

by (X - d).



These formulas are derived in [3, PP. 106-107]. Thus with equation
(2-2) and the iteration formulas of the previous theorem, Newton's
method can now be applied to generate the sequence (2-3) which Qill
converge to the root, a, if the convergence conditions given in
Theorem 2.4 are satisfied.

A criterion is needed to determine when to terminate the sequence
(2-3); that is, when has a zero been found? For convergence of the
sequence, there must exlst a term in the sequence beyond which the
difference between any two successive terms is arbitrarily small.
Therefore, it is desirable to make the quotient.lxnlxn+1] sufficiently

near 1. From equation (2-2)

. P(Xn)
1
L - Xn ) P (Xn)
Xn+l Xn+l
| P(Xn)
[
. X I i PT(X))
- Xn+l, Xn+l
Thus
P(Xn)
PY(X ) b4
R G I "N
l Xn+1 I ' x'n+l

where P'(Xn) and Xn+l # 0. Thus, iterations are continued until an Xn
is obtained such that |P(X ) /P (X )I/IX | is as small as desired.
n n’ '] o+l
After a zero, o, of P(X) has been found, the term (X - a) is syn-

thetically divided out of P(X) by deflation using Theorem 2.3 obtaining



a polynomial, Pl(X), of degree N-1. The root finding process is .then |

repeated to extract a zero, %5 of Pl(X). P(X) can.be written as

P(X) = (X - o) Py(X) +R

where R = P(a). But P(a) = 0, Therefore, substitution produces

P(X) = (X - o) Pl(X).

Now Pl(al) = 0 implies that P(al) = 0, Hence, oy is a zero of P(X).
By the process of root finding and successive deflations, zeros

OysOysesesty g of the deflated polynomials

P(X) = By 2y (X, Ry (D),

respectively, are extracted. Each oy (L =0,1,2,.,,,N~1) is a zero of -
P(X) since each oy is a zero of Pi_l(X),Pi_z(X),...5P1(X),P(X).

After all zeros of P(X) have been found, it may be possible to
improve their accuracy by using them as initial approximations with
Newton's method applied to the full (undeflated) polynomial, P(X). This

should correct any loss of accuracy which may have resulted from. the

successive deflations.
2. Convergence of Newton's Method

The following theorem from [2;"PP. 79-81) gives sufficient condi~

tions for the convergence of sequence (2-3).

Theorem 2.4. Let P(X) be a polynomial and let the following conditions

be satisfied on the closed interval [a,b]:



1. P(a) P(b) < O

2. P'(X) #0, X e [a,b]

3, P"(X) is either > 0 or < 0 for all X ¢ [a,b]

4, 1If c denotes the endpoint of [a,b] at which ]P'(X)l

is smaller, then ]P(c)/P'(c)] <b - a.

Then Newton's method converges to the (only) solution, s, of P(X) = 0

for any choice of XO in [a,b].
When convergence is obtained, it 1s quadratic; that is,

__l_ M 2
ej4q1 ~ 3 F (ny) ey

$
where F(Xi) = Xi - P(Xi)/P (Xﬁ), ny is between Xi and the zero, o, and

ei is the error in Xi' This means that the error obtained in the

(i+1)th iteration of Newton's algorithm is proportional to the square
of the error obtained in the ith iteration. A proof of gquadratic con-

vergence can be found in [1, PP. 31-33].
3. Procedure for Newton's Method

The general procedure for applying Newton's method is enumerated

sequentially as follows, starting with initial approximation XO:

1,. Calculate a new approximation Xn+1 by

1
xn+l = Xn - P(Xn)/P (Xn).
2. Test for convergence; that is, test
¥
lp(x )/p (xn)|/]xn+l| <€

for some € chosen as small as desired.

3. If convergence is obtained, perform the following:
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a, Save Xn+1 as the desired approximation to
a zero of P(X).

b. Deflate P(X) using xn+l'

c. Replace P(X) by the deflated polynomial.

d. Return to step 1 with a new initial
approximation.

4, If no convergence is obtained, increase n by 1 and

return to step 1.

In order to prevent an unending iteration process in case the
method does not produce convergence, a maximum number of iterations
should be specified. If convergence is not obtained within this number
of iterations, change the initial approximation and return to step 1

above.
4. Geometrical Interpretation of Newton's Method

A geometrical interpretation of Newton's method is given in
i

Figure‘z,ﬁ,xi is an approximation to the zero, a. P'(Xi) is the slope

X is the intersection of the

of the line tangent to P(X) at Xi. 141

tangent line with the x axis.
5. Determining Multiple Roots

P(X) has m distinct zeros, then P(X) can be written as

€1 €2 ®m
P(X) = al(X" al) (x— az) "'(X— am) ] (mf_‘N)

where oy is a zero of P(X) and e is the multiplicity of

(1 =1,2,,..,m). Consider the root aj. Dividing out the term

%
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x - aj) by deflating P(X) gives Pl(X) of degree N-1 whiéh can.be

written as

e

e
1
l) (X -a

2 ! ej—l ey
Pl(X) = (X - o 2) sos(X - aj) s (X - am) .

Evaluating Pl(X) at the zero, a,, gives Pl(a ) = 01if e, > 1. Thus,

i’ 3 3

after a zero, o, of P(X)'is determined by Newton's iterative process
and the current polynomial is deflated giving Pl(X), then Pl(a) is
evaluated. If Pl(d) < € for some small number e, o is a root of Pl(X)‘.
and thus has multiplicity at least equal to two. Pl(X) is then de-
flated giving PZ(X)- If Pz(a) < €, o is of multiplicity atrlehbt‘three.;
This process. is continued until a déflated polynomial Pk(X) is .encoun~

tered such that either deg. Pk(X) = 0 or Pk(u) > e. o is then a zero

of multiplicity k+l.

Tangent to POO
: " at X.

e i e b - — -

'b x ‘.

L
] /“ . x
° a X%+2 341

RS

Figure 2.1, Geometrical Interpretation of Newton's Method



CHAPTER III
MULLER'S METHOD
1. Derivation of the Algorithm

Muller's method in [4] is an iterative procedure designed to fiﬁd
any prescribed number of zeros, real or complex, of a polynomial. The .
method does not require the evaluation of the derivative and near a .
zero the convérgence is almost quadratic,

Consider the polynomial

N N-1
P(X) a. X + a X + .00 + aNX + ay

1 2 + (3-1)

with complex coefficients such that a, # 0. Given three distinct:
approximations, Xn-z’xn—l’xn’ to a root, o, of P(X), the problem is te

determine Xn+l in such a way as to generate a sequence

Xl’XZ’X3’°"’Xn’X (3-2)

n+l,a-o_

of approximations converging to o, The points (Xn_z,P(Xn_z)),
(xn_l,P(Xn_l)), and (Xﬁ’P(xn)) determine a unique quadratic polynomialg

Q(X), approximating P(X) in the vicinity of'Xn A general

X —Z’Xh-l’xh'
proof of this can be found in [2, PP, 133-134]. Thus, the zeros of Q(X) .
will be approximations of the zeros of P(X) in this region of approxima-.
tions From the general representation in [2,' P. 184] of the Legrangian

interpolating polynomial, the representatiod of Q(X) is given by

12



(X - 1'1-1)(X - Xn—z)

QX)) = o — P(X.)
(Xh xn—l)(xn anz) n

X-X)X-X )
rETTTIO® I-L—?c y P(R_g)
n-1 n” " n-l n-2 o

X-X)E-X_.)
+ B =2 P(X L)
(Xn—2 B Xn)(xn—z - Xn—l) =2

which can be rewritten as

Q(X) = Q(X - X+ X))

- x - Xﬁ + xn B xﬁ-l)(x i xﬁ + Xh B xn—l + xﬁ-l‘~ xn72)
(Xn - xn—l)(xn - Xh—l + Xh~1 - Xh-Z)
_ x - Xn)(x B Xn + Xn B xn—1-+ xﬁ~l - Xn—Z) PX: L)
(Xh - Xn—l)(xn—l - Xn-2) n-1
. X-X)X-X +X -X 1) TN
. (Xn - Xn—l + Xn-l - xn—2)(xn-—l - Xn—2) T n-2

In order to simplify this expression, introduce the quantities

h =X -X
n n

el ? h=X- an

Then

Q(X) = QX+ h)

} (h + hn)(h + hn + hn_l) Pk )
hn(hn + hn_l) n

} h(h + hn + hn—l) b )

h_ h n~1

n n-1l

PX)

13



h(h + h)
+ n
(hn + hn—1>hn-r

1 P(Xn-z)

h2 4+ 2hh <+ hh +h 2 +hh
n n-1 n n n-1

= P(Xh)

h?+hh
n n n-1l

h2 + hh_ + hh
n n-

b_h
o

1

nl' P(xh-1>

h2 + hh
n

-+

P(x - )5
h h 2 n-2

n n~-1l n-1
Collecting terms containing like powers of h produces

QX = QX+ h)

P(Xn) P(Xn_l) P(Xn_z) 2
B W) S 7| "
hn' + hnhn—l n n~1 hn a-1 + -1
N R R N R R Nl
b2 +hh a1 hh . +hZ
n n n-1 n n-1 n-1
. hn(hn + hn*l) P(Xn)
h?+hh
n n n-1l
P(X) h__ P(X__;) P(X__,) 2
132 7 T En +. 7| B
hn hn~1 + hnhn—l n n-1 hnhn—l + hn~l
2 i
(Zhnhn_l + hn_l) P(Xn) (hn + hn_l)P(Xn_l) hn P(Xn~2>
+ 53 2 - hoh + z
Ry by TR nn-l b1 ¥ Ry

14

h

h-
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2 2
(hn hn--l + hn—lhn) P(xn)

+

2
hnzhn—l + hnhn--l

Using the common denominator, hnzhn—l + h h 21, and combining terms

n n-
yields
P(Xn) hn-l B P(Xn--l)(hn + hn~l) + P(Xﬁ—Z) hn 2
Q(Xn + h) = 5 . 5 h
: h "h +hh
n n-1 n n-l‘
(2hh ., +h2)P(X) - (h +h P& ) +hpx
+ n n-1 n-1 n n n-1 n-1 n n--2'.hx
2 . 2 ‘ ) T
hn hn-—l + hnhn—l
2 2
" (hn hn--l + hn—lhn) P(xn)
2 2 ¢
hn hn--l + hnhn—l
Multiplying by hn/hn_z_l results in
h_ h_\? h_ h_ 2
chn) Bp-y - P(Xn—l) By-1 i b1 i P(Xn_z) Bo-1 2
QX +h) = Vot h h
n h 3
hn + h 2
| hn2 ' hn hﬂ—l 2 hn3 ]
- ————o 3 A
2h + hn P(Xn) hnﬁ- —F h P(Xn—l) + 2 P(XﬁqZJ
n-1 Al n-1 n-1 h
n-1 .
+ h-
3
hn 2 ‘
h + hn
| n-1 __"




h 3 . )
hn 4+ b PR
+ n-1". '
3 2
h 2
hn + h
n-1 o
hn h
Let - q = and q = +— . Then
n hn—l hn
P(X)a - P(X_ ) 2+q)+PE& _)aq’
Q(X_ +h) = n’ ‘n n-1"**n n n-2’ “n | 2
n q +1 Q-
n
(2 1) PR - (@)% P ) +q.” PO _))
+ n n n n-1 n. n-2
qn+l '
, (agtD P

qn+1

Now let
_ - .2
An - qn,P(Xn) qn(qn+l) P(Xn—l) +'qn P(Xn—Z)
B = (2q+1) P(X) - (@ +D?P(X_) +q %P
n n n n n-1 n n-2
Cn = (qn+l) P(Xn)'
Then
Q(Xn + h) = Q(Xh + qhn)

and

An q + Bn q + Cn
qnfl

Q(Xn +4qh ) =

)

q

16
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Solving the quadratic equation Q(Xn + qhn) = 0 and denoting the result.

by 91 gives:

- hn+l - xn+1 B Xn
91 " Th h .
n n
Thus
xn+l N xn + hn qn\+1
In order to avoid loss of accuracy, qn+1 can be written in a
better form as follows:
- B + /B 2 - 4A C B + /B - 4A C
- n—+v n nn |, n—vJ'n nn
] 28 >
B + /B - 4A-C
n—/n nn

2,82 s
nn

B °+
= n n
2a (B_+ B2 -4ac)
n n — n nn
- 2¢
o= e n
In+1 3 *
B + /B - 4A C
n — n nn

The sign in the denominator should be chosen such that the maganitude of .

(3-3)

the denominator is largest, thus causing lqn+lj to be smallest. This,

in turn, will make X closest to X ,
n+l n
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Note that each iteration of this process requires three.approxima-

, in order to compute Xn+l° Thus, when xn+l is

are used to compute X Y that is, the last three

tions, Xn—Z’Xn-l’Xn

found, X l,X X +1
terms of the generated sequence are used to compute the next term,
Convergence of the sequence (3-2) to a zero is obtained when the

elements Xk and Xk+l of the sequence are found such that

IX1<+1 x|

<€ Xy tO0
%4 |

that is, the ratio of the change in the approximation to the approxima-
tion itself is as small as desired.

In order to use the iterative formulas, it is necessary to compute
the value, P(Xj), of the polynomial P(X) at the approximation Xj' The
procedure for doing this is discussed in Chapter II, § 1. The itera-
>tion formulas are given in Theorem 2.3 of Chapter II.

After a zero, a, of P(X) has been found, P(X) is deflated as
described in Chapter II, § 1, and the process repeated to extract a
zero, o ;, of Pl(X). By applying Muller's method to successively
deflated polynomials, all the zeros of P(X) are obtained. For more
detailed discussion of this procedure see Chapter II, § 1, keeping in
mind that Muller's instead of Newton's method is used.

Muller's method requires three initial approximations to a zero in-
order to start the iﬁeration process, If three are not known, the
values X1 = -1, X2 =1, X3 = (0 can be used.

Convergence of Muller's method is almost quadratic provided the

three initial approximations are sufficiently close to a zero of P(X).

This 1s natural to expect since P(X) is being approximated by a
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quadratic polynomial. Quadratic convergence means that the error-

obtained in the (n+l)th gtep of the iterative process is proportional "

to the square of the error obtained in the nth

iteration. However, no
general proof of convergence has been obtained for Muller's method. It
has produced convergence in the majority of the cases tested.

In application of Muller's method, an alteration should be made to

handle the case in which the denominator of equation (3-3) is zero (0).

This occurs whenever P(Xn) = P(Xn_l) = P(X_

n—2)° If this happens, set

Y1 © 1.

Another alteration which should be made in actual practice is to
compute the quantity IP(Xn+1)I/IP(Xn)I whenever the value P(xh+l) is
calculated. If the former quantity exceeds ten (10), U is halved

and hn’ Xn+1’ and P(Xn+l) are recomputed accordingly.

2. Procedure for Muller'’s Method

The basic steps performed by Muller's method are listed sequen- )

tially as follows, starting with initial approximations Xl, XZ’ and Xg.

1. Compute hn’ Qs D as defined previously.

Bn’ Cn’ Ut

n’

2, Compute the next approximation Xﬁ+l by

X = Xn + hn q

nt+l n+i°

3. Test for convergence; that is, test

IXn+l - Xn]/IXn+l] <€
for some suitably small number e.
4, 1f the test fails, return to step 1 with the last

three approximations Xn+l’ Xn, Xn_ln
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5. 1If the test passes, do the followlng:
a. Save Xn+l as the desired approximation
to a zero.
b. Deflate the current polynomial using xn+l°
c. Replace the current polynomial by the
deflated polynomial.
d. Return to step 1l with a new set of initdial

approximations.

In order to avoid an unending iteration process in case the method
does not produce convergence, a maximum number of iterations should be
specified. If convergence is not obtained within this number of itera-

tions, the initial approximations should be altered.
3. Geometrical Interpretation of Muller's Method

Figure 3.1, shows the geometrical interpretation of Muller's method
for real roots of P(X) and the quadratic Q(X):. The root of Q(X) closest

to X, is chosen as the next approximation X

i i+1°

4, Determining Multiple Roots

For a discussion concerning multiple roots see Chapter II, § 5,
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i ]
,’x/v ! xé_'D

a+!

Figure 3.1.Geometrical Interpretation of Muller's Mefhod



CHAPTER IV
GREATEST COMMON DIVISOR METHOD
1. Derivation of the Algorithm

The greatest common divisor (g.c.d.) method reduces the problem of
finding all the zeros of a polynomial, possibly having multiple zeros,
to one of solving for zeros of a polynomial all of whose zeros are
simple.

Consider the Nth degree polynomial

N N-1
P(X) = alX + a2X T oove + aNX + aN+l

where a; # 0 and 8153550058 are complex numbers. If P(X) has m

N+1
distinct zeros, ul,uz,.oo,um, then P(X) can be expressed in the form
e e, e
PX) = al(X - ql) (X - az) e (X - mm) (4-1)

where e, is the multiplicity of as s i=1,2,...,m. The derivative of
P(X) is

1 — -

PO =N aX T+ (D) aX C+ .. ta

N

which can also be expressed as

22
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. el—l e2—l em—l o n
P X = al(X - ai) X - az) eoe (X - am) :E: e, ” (x - ocj)e

i=1 =1

341

(4-2)

1
The greatest common divisor of P(X) and P (X) is obtained from the

following theorem.

Theorem 4.1l. Let P(X) be an Nth degree polynomial having m distinct
Zeros al,az,,..,am of multiplicity €980 008 respectiveiye Then the

polynomial

e, -1 e, ~1 e ~1

DX = (K-a) T (K-oa) ... X-a) "

is the unique monic greatest common divisor of P(X) and its derivative

P (X).

Proof. Since the set of all polynomials over the complex number field
is a unique factorization domain and since each factor X - o is irre-
ducible, it follows from (4~1) and (4-2) that D(X) is the unique monic

1]
greatest common divisor of P(X) and P (X).

It follows from Theorem 4.1 that each zero of D(X) is also a

zero of P(X) and P'(X)n Hence we have the following result.

Theorem 4.2. If P(X) is a polynomial, then P(X) and P'(X) are rela-

tively prime if and only if P(X) has no multiple zeros.

Consider the polynomial H(X) obtained by dividing P(X) by its

monic g.c.d., D(X).
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H(X) = P(X)/D(X)
m 0, 2. e 1
=a; ] (X - ui) / ’I,(X - ai)
i=1 i=1
m
=a || F ey
i=1

The zeros of H(X) are all simple zeros and are also all the distinct
zeros of P(X). Use of the g.c.d. method involves computation of H(X)
when given P(X).

In order to obtain H(X), a computational algorithm is necessary to
find the g.c.d. of P(X) and P‘(X), The general method for computing
the g.c.d. of two polynomials is as follows: Let RO(X) and Rl(X) be
two polynomials having degrees NO and N1 respectively such that
Ny < N
algorithm, there exists polynomials Sl(X) and RZ(X) such that

The g.c.d. of RO(X) and Rl(X) is desired. By the division

Ry(X) = B (X) S, (X) + B,(X)

where either RZ(X) = 0 or deg. RZ(X) < deg. Rl(X)a Similarly if

R2<X) # 0, there exists polynomials SZ(X) and R3<X) such that

Rl(X) = SZ(X) RZ(X) + R3(X)

where either R3(X) = 0 or deg. R3(X) < deg. RZ(X)° Continuing in the
above manner, suppose Ri(X) and Ri+l(X) have been found where
deg. Ri+l(X) < deg. Ri(X). Then there exists polynomials Ri+2(X) and

Si+l(X) such that
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Ri(X) = Ri+l(X) Si+l(X) + R (xX)

i+2

where either Ri+2(X) = 0 or deg. Ri+2(X) < deg. Ri (X). Then we obtain

+1
a sequence RO(X)’Rl(X)""’RK(X)’RK+1(X) such that
deg. Ri(X) < deg. Ri—l(X)’ i=1,2,...,K+l. Since a polynomial cannot
have degree less than zero, the above process, in a finite number of

steps (at most Nl), results in polynomials RK_l(X), SK(X) and RK(X)

with deg. RK(X) < deg. RK_l(X) such that
RK—l(X) = RK(X) SK(X) + RK+1(X)

and RK+1(X) = 0,

Theorem 4.3. Let the sequence RO(X>’R1(X>"°°’RK(X)’RK+1(X) be defined
as above. Then RK(X) is the greatest common divisor of RO(X) and

R (X).

Proof. It is clear that RK(X) divides RK—l(X)° If RK(X) divides Ri(X)
for 0 < j < i < k, then Rj(X) = Rj+1(X) Sj+l(X) + Rj+2(X). Thus, RK(X)
divides Rj(X) and it follows by induction that RK(X) divides both Ro(X)
and Rl(X). By reversing the inductive argument given above, it is easy
to see that if L(X) divides RO(X) and Rl(X), thegL (X) divides Ri(X) for
i=20,l,...,K. Therefore, L(X) divides RK(X) which shows that RK(X) is

the greatest common divisor of RO(X) and Rl(X)a

The above theorem tells how to obtain the greatest common divisor
of two polynomials. A machine oriented method is now developed for
computing the sequence of R.j(X)'so Beginning the sequence with RO(X)

and Rl(X), the polynomial Ri+l(X) of the sequence is derived from Ri(X)
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and Ri_l(X) as follows: Let Ri_l(X) of degree Ni—l be given by

R;-1®)
N N -1
i-1 i-1
T, X +r, X + + r X+r
i-1,1 1-1,2 1-1,N, 1-1,N, +1
and Ri(X) of degree Ni be given by
Ni Ni—l
Ri(X) =T X T+ T2 X + 0.+ ri,Ni X + rizNi+l
where N, < N, ;. Define Ul(X) by
NN
U0 = G g ) X
Then define Tl(X) by
Tl(X) = Ri—l(X) - Ul(X) Ri(X)
N
_ _ i-1
=ty %,1 ®ign /ri,l)] X
N, -1
ey, "7, Gian /ri,l)] X

+ ..

+ —
[rs 1,8, 41 7 Ti,N,

(r,_ /r. )]
-1 1—1+l i-1,1 i,1

where r, , = 0 for j > N,+1.
5] i
We consider three cases.
(1) 1If Tl(X) = (0, then Ri(X) = RK(X); that is, Ri(X) is
the g.c.d. of RO(X) and Rl(X).

(2) 1f Tl(X) # 0 and deg. Tl(X) < Ni’ then Ri+l(X) = Tl(X).
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(3) 1f Tl(X) # 0 and deg. Tl(X) = M. > N,, then define

1 —"4
UZ(X) by
Ml—Ni
Uy () = (£ 4 /ri,l) X
where
Ml Ml—l
Tl(X) = tl,l X+ tl’2 X + ... + tl’Ml X + tl,Ml+l,

Define TZ(X) Tl(X) - UZ(X) Ri(X) which can be -expressed by

M -
TyX) =1ty 4 - (t1,1/ rg1) Tyl X

+ LN ]
+ [tl,Ml+l - ey g [Ty, ri,Ml+1]
where r, . o= 0 for j » Ni+l' We again consider the following three

3

cases.
(1) 1f TZ(X) = 0, then Ri(X) is the g.c.d. of RO(X)
and Rl(X)'
(2) 1f TZ(X) # 0 and deg. TZ(X) < deg, Ri(X), then
Ri+l(X) = TZ(X).

M

(3) 1f TZ(X) # 0 and deg. T2(X) z-Ni’ then define

2
U3(X) by

M2—Ni
U, = (t, /ri,l) X
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where

M2 Mz—l
TZ(X) = t2,1 X"+ t2’2 X + oo + *.:Z’M2 X

2

Since deg. Ti+l(X) < deg. Ti(X), then this process is finite (not to

exceed Ni—l) ending, for some integer S, in TS(X) such that

&D) TS(X) 0 and Ri(X) is the g.c.d. of RO(X) and Rl(X) or

(2) TS(X) # 0 but deg. TS(X) < deg. Ri(X), in which case

TS(X) Ri+l(X).

Thus, using this algorithm and given RO(X) and Rl(X), the sequence

RO(X),Rl(X),R (X)""’Ri(x)’Ri+l<X) can be generated such that either

1) Ri+l(X) = 0 and Ri(X) is the g.c.d. of RO(X) and

Rl(X) or

1
iterations, RK(X), the g.c.d. of RO(X) and Rl(X),

(2) Ri+l(X) # 0 and Ni+ < Niu In a finite number of

can be obtained.

Recall that we wanted to obtain the polynomial H(X) = P(X)/D(X)
where D(X) is the g.c.d. of P(X) and P'(X). Thus, after obtaining D(X)
by the above algorithm, it is necessary to divide P(X) by D(X) obtain-
ing H(X) all whose zeros are simple.

Once H(X) is obtained, an appropriate method such as Newton's
method or Muller's method is applied to extract the zeros of H(X). This
gives all the zeros of P(X).

As in Newton's or Muller's method, the zeros may be checked for
accuracy and possibly improved by using them as initial approximations

with the particular method applied to the full (undeflated) polynomial,

8.



2. Determining Multiplicities

After all zeros of P(X) are found, the multiplicity of each zero

can be determined by the process outlined in Chapter II, § 5.
3. Procedure for the G.C.D. Method

The basic steps performed by the greatest common divisor method

are listed sequentially as follows:

1. Given a polynomial, P(X), in the form

N N-1
P(X) = alX + a2X + ... + aNX + R

2. Calculate the derivative, P'(X), of P(X) in the form

P X)) = blxN'l + b2XN_2

b2 = (N—l)a2,.,.,bN = ag

+ .0 F bN where bl = Nal,

3. Find D(X), the g.c.d. of P(X) and P'(X),using the
algorithms developed above.

4. Calculate H(X) = P(X)/D(X), the polynomial having
only simple zeros.

5. Use some appropriate method to extract the zeros
of H(X).

6. Determine the multiplicity of each of the zeros

obtained in step 5.



CHAPTER V

REPEATED GREATEST COMMON DIVISOR METHOD

1. Derivation of the Algorithm

The repeated greatest common divisor (repeated g.c.d.) method makes
repeated use of the g.c.d. method to extract the zeros and their mul-
tiplicities of a polynomial with complex coefficients. That is, the
repeated g.c.d. method reduces the problem of finding the zeros of a
polynomial, P(X), which possibly has multiple zeros, to one of finding
the zeros of a polynomial which has only simple zeros and the zeros of

this polynomial are all the zeros of P(X) of a given multiplicity.

Let
P(X) = alXN + aZXN—l + .. + aNX + ay
=.al(X - al)el (X - uz)ez eos (X - qm)em
where a; # 0, each a; is a complex number, and QBy38psece,0 are the

distinct zeros of P(X) having multiplicity €198y s0nes8 s respectively.
If Dl(X) is the monic greatest common divisor of P(X) and P'(X), then

Theorem 4.1 shows that

e, ~1 e.~1 e ~1

D,(X) = (X - a Lo x-a) 2L X-a)"

1)

where we assume that if ej =1, then X - mj does not appear in the

30
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representation, Let DZ(X) be the monic greatest common divisor of

\
Dl(X) and Dl(X)° Then

e.~2. e. -2 e =2

DZ(X)=(X—0L1)1 (X—ocz)z e K=o ) "

where we assume that if ej < 2, then X - aj does not appear in the
representation. From the above it is clear that the zeros of Dl(X) are
just the multiple zeros of P(X) to one lower power. The zeros of DZ(X)
are just the multiple zeros of Dl(X) to one lower power. Thus, the
zeros of DZ(X) are just the zeros of P(X) which have multiplicity
greater than two, and their multiplicity in DZ(X) igs reduced by two.

Therefore, it follows that
2
G (X = [P(X)/D (01/[D () /D,y (X)] = P(X)D, (X)/[D, ()]

has only simple zeros and they are just the simple zeros of P(X). 1In
general if Dj(X) has been defined for 1 < j < i and if Di+l(X) is the
monic greatest common divisor of Di(X) and Di(X), then the zeros of
Di+l(X) are the multiple zeros of Di(X) to one lower power. Thus, the
zeros of Di+l(X) are just the zeros of P(X) which have multiplicity
greater than i+l and their multiplicity in Di+l(X) is reduced by i+1.

It follows that

G, (%) = [D,_; (0)/D, (D1/[D, (X)/D, 1 ()]

2
D; (%) D, (/D (X)]

has simple zeros and they are just the zeros of P(X) that have

multiplicity i. Thus, we have proven the following theorem.
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N N-1
Theorem 5.1. Let P(X) = alX + a2X + ... + aNX + a1 where a; # 0

and a558y500058 are complex numbers. If DO(X) =P (X) and if

N+-1
Di+l(X) is the monic greatest common divisor of Di(X) and Di(X) for

i > 0, then

2
6,(X) =D, (¥ D, (/[0 (D]

has only simple zeros and they are just the zeros of P(X) that have

multiplicity 1.

Thus, by the above theorem we can generate a sequence of polynomials
Gl(X),GZ(X),...,GK(X) where the set of zeros of P(X) is the same as the
set of zeros of this sequence and the multiplicity of each zero in
P(X) is given by the corresponding subscript on G(X). Therefore, by
using a method such as Newton's method of* Muller's method to calculate
the zeros of each Gi(X), we will have the zeros of P(X) along with

their multiplicities.
2, Procedure for the Repeated G.C.D. Method

The basic steps performed by the greatest common divisor method

are listed sequentially as follows:

1. Given a polynomial, P(X), in the form

N N-1
PX) = alX + a2X + ... + aNX + R

2. Set DO(X) =PX).
3. Calculate the derivative, DS(X), of DO(X) in the

form

Voo -1 M-2
Dy (X) -leM F b XS4 L+ by
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where deg. DO(X) M, DO(X) = leM + ...+ d

M+1°

(M-1)d b, =d

2, LECRUIEY M M-

and bl = Mdl, b2

Find Dl(X), the g.c.d. of DO(X) and Dé(X) using the

algorithms developed in Chapter IV,

Similar to 3., calculate Di(X).

Find DZ(X)’ the g.c.d. of Dl(X) and Di(X) using the

algoritbms developed in Chapter IV,

Caleulate G(X) = D, (X) D,(X)/[p, (X)1°.

Use some appropriate method to extract the zeros of

G(X) and assign these zeros the correct multiplicity
as zeros of P(X).

Set Dy(X) = Dy (), Dy(X) = Dy (X), and D, (X) = D,(X).
Then repeat 5.-8. above until all the zeros of P(X)

are found.



CHAPTER VI
CONCLUSION

In order to compare Newton's, Muller's, the greatest common
divisor, and the repeated greatest common divisor methods, we consider
the polynomials as being divided into the following classes:

1. polynomials with all distinct zeros.
2, polynomials with multiple zeros.

The comparisons in the following material are results of tests
made on the IBM 360/50 computer which has a 32 bit word. The programs
were successfully run on the CDC 6600 .and the UNIVAC 1108 which have a.
60 bit word and a 36 bit word respectively. It was noted that the
UNIVAC 1108 is about 15 times faster than the IBM 360/50. The CDC 6600
is faster than the UNIVAC 1108 but the difference is not as great as

that between the UNIVAC 1108 and the IBM 360/50.
1. Polynomials With all Distinct Zeros

First we consider the class of polynomials having distinct zeros.
Newton's method is particularly suited for this class of polynomials.
Its quadratic convergence is very fast which can save time and money to
the user. The accuracy obtained is excellent as shown in Exhibit 6.1
which presents the zeros of a 15th degree polynomial in double precision.
In most cases, the method produces convergence for almost any initial

approximation given.

34
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Muller's method also produces good results on this class of poly-
nomials. The rate of convergence is, however, somewhat slower than
Newton's method. This fact is especially significant when working with
polynomials of high degree. The accuracy obtained by Muller's method
is comparable to, but does not exceed that of Newton's method. In most
cases, the accuracy of the two methods does not differ by more than one
or two decimal places. FExhibit 6.2 shows results of Muller's method
for the polynomial of Exhibit 6.1. As in Newton's method, convergence
is produced for almost any initial approximation given.

The g.c.d. method, whether used with Newton's or Muller's method
as a supporting method on this class of polynomials, is no better than
Newton's or Muller's method alone. The reason for this is that the
greatest common divisor of the polynomial, P(X), and its derivative is
1. Thus, H(X) = P(X)/g.c.d. P(X) = P(X); that is, the polynomial
solved by the supporting method is the same as the original polynomial.
Thus, in this case the g.c.d. method will not produce better results
than the supporting method used alone. The above comments also hold
for the repeated g.c.d. method.

Thus, this class of polynomials presents no difficulty to any of
these four methods. Newton's method, because of its speed, is there-

fore recommended.
2. Polynomials With Multiple Zeros

Next consider the class of polynomials containing multiple zeros.
Exhibits 6.3 - 6.26 illustrate output from six different programs using
the methods described in Chapters II - V., Four polynomials are used

where the zeros of these polynomials are listed below. The number in
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parentheses indicates the multiplicity of that zero.

Polynomial #1 Polynomial #2 Polynomial #3 Polynomial #4
2+21i (3) -2.33 (1) 2+24. (3) 1+i  (6)
1+21i (2) .003 (2) 1+2i (2) 1-i  (6)

=1+.51 (1) i 2) -1+51 (3)
1.514 (2)
-1.51 (2)
31 (3)
-1-i  (3)

Note the relationship between polynomials #1 and #3.

This class presents considerable difficulty for Newton's method,
especially those polynomials containing zeros of high multiplicity or
containing a considerable number of multiple zeros. The iteration

formula for Newton's method is

X, =X - PE)/P(X).

If ¢ is a multiple zero then P(c¢) = P'(c) = 0. Hence, as Xn + ¢,

P(Xn) -+ 0 and P'(Xn) -+ 0 and the iteration formula may be unstable,
resulting in no convergence or bad accuracy. As the number of multiple
zeros increases, the polynomial becomes more ill-conditioned, conver-
gence becomes more difficult, and accuracy is lost. Thus, the possi-
bility of convergence decreases. This also holds true if the multi-
plicities of the zeros are increased. The. rate of convergence of
Newton's method is much slower for multiple zeros than for distinct
zeros. Exhibit 6.3 shows a polynomial (#1) containing two multiple

zeros solved in double precision. Note the following from Exhibit 6.3.

1. Roots #2 and #3 are greatly. improved by iterating
on the original polynomial. Distinct roots are

usually improved in this manner.
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2. The time taken to solve this 6thAdegree equation with
multiple roots is greater.thanﬁthe time taken by the
same program to splve a lSFh”degree polynomial with
all distinct roots (Exhibit. 6.L)..:

3. Root #2 did not pass the convergence test after 200
iterations even though it was improved. This is
probably due to the fact that the polynomial from
which root 2 was extracted had only one multiple
root but the original polynomial from which it was
extracted the second time had two multiple roots;
that is, the original polynomial-is more ill-conditioned.

4, The accuracy of the roots before the attempt to
improve accuracy is very poori~. Root #2 is accurate
to only three decimal places. as compared to the 15
decimal places in Exhibit 6.1 for distinct roots.
Root #3 is especially bad, .the-imaginary part being

accurate to only one decimal place.

Exhibit 6.4 uses polynomial #2. Note. the poor results obtained
before the attempt to improve accuracy. and. the improvement afterward.
Also note that after the attempt to improve accuracy, one of the zeros,
namely 3i, is lost and an extra zero, namely 1.5, is included in the
list. (See Appendix A, § 4.,) A convergence requirement of 10_5 was
used on this polynomial to get it to converge to all of the zeros in a
maximum number of 200 iterationms.

In many cases, Newton's method fails to converge altogether.

Polynomial #3 could not be solved using Newton's method with a maximum
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number of 200 iterations and a convergence. requitement of 10_9:‘

Exhibit 6.5 illustrates the bad results. .for-a econvergence requirement

of 107°

which was needed in order to get..conwvergence., In Exhibit 6.6
a convergence requirement of 10_3 was -needed in order to get convergence
to the zeros of polynomial #4.

Muller's method also encounters difficulty,; although to a lesser
degree than Newton's method, on this class of- polynomials. In most
cases, Muller's method produces comvergence even when Newton's method
completely fails. Newton's method completely failed for polynomials
#3 and #4 with a convergence recul:i.re.ment.‘of‘10_9 but convergence was
obtained using Muller's method as shown in Exhibits 6.9 and 6.10. The
accuracy obtained by Muller's method is.not good but usually better
than Newton's method using the same convergence requirement. The rate
of convergence of Muller's method is considerably slower for multiple
zeros than for distinct zeros. However,. for multiple zeros, Muller's
method is as fast or faster than Newton's.: ..

The g.c.d. method is perfectly suited for polynomials with multiple
zeros. All multiple zeros are removed leaving only a polynomial of
class 1 (all distinct roots) to be solved. ..This indicates that best
results should be obtained by using Newton's:'method as the supporting
method, since Newton's method enjoys. the .advantage of speed over
Muller's method for distinct zeros. This has-.indeed proved to be true.
The accuracy of the zeros obtained decreases), somewhat, when the number
of multiple zeros is increased. This is due .to accuracy lost in
computing the g.c.d. and the quotient polynomial and not as a result

of the supporting method. It is easy to see that the accuracy of the

g.c.d., method is best when the degree of the greatest common divisor of



39

P(X) and P'(X) is maximum. This is due to .the fact that the error in
the greatest common divisor is minimized in..this case. The accuracy
obtained using Newton's method and Muller's. method—as supporting
methods is about the same. This is verifdied by Exhibits 6.11 - 6.14
(g.c.d. method with Newton) and Exhibits 6.15 ~ 6.18 (g.c.d. method with
Muller).

Multiplicities are determined with. excellent accuracy. The g.c.d.
method is not as sensitive to zeros of highrmultiplicity or polynomials
containing a large number of multiple zeros as are both Newton's and
Muller's methods. A quick comparison of Exhibits 6,11 - 6.14 and
6.15 - 6.18 with Exhibits 6.3 - 6.6 and 6.7 =76.10 show that the g.c.d.
method with either supporting method is. much more accurate than either
Newton's or Muller's method. For example.,. Exhibits 6.5 and 6.9 show
polynomial #3 for which Newton's method and Muller's method both gave
poor convergence. But Exhibits 6.13 and 6.17 show very accurate results
for polynomial #3.

The repeated g.c.d. method is also. suited very well for polynomials
with multiple zeros. Exhibits 6.19 - 6.22 .and Exhibits 6.23 - 6.26
are results of the repeated g.c.d. method with-Newton's method and
Muller's method as supporting methods, respectively. However, the
results of the repeated g.c.d. method are not .as~good as those obtained
from the g.c.d. method. Since the repeated g.evd. method repeated
uses the g.c.d. algorithm, the error tends to build up in this method
when a polynomial has several zeros of different multiplicities. This
can be observed by comparing Exhibits 6.20.and 6.24 with Exhibits 6.12
and 6.16 on polynomial #2 and by comparing Exhibits 6.21 and 6.25 with

Exhibits 6.13 and 6.17 on polynomial #3. As was the case of the g.c.d.
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method, there is little difference between the repeated g.c.d. method
with Newton's method or Muller's method as a supporting method. This
can be observed by comparing Exhibits 6.19 .=..6.22(Newton) with
Exhibits 6.23 - 6.26 (Muller). Even though the-results of the repeated
g.c.d. method are not quite as good as the results-of the g.c.d. method,
they are far superior to the results of both Newton's method and
Muller's method.

Table 6.1 gives a comparison of the execution times cf the six

methods for polynomials #1 - #4.

TABLE 6.1
METHOD EXECUTION TIME®
Newton 104.16 seconds
Muller 96.79 seconds
G.C.D, with Newton 7.51 seconds
G.C,D., with Muller 8.91 seconds
Repeated G.C.D. with Newton 7.71 seconds
Repeated G.C.D. with Muller 15.16 seconds

It is clear from Table 6.1 that the g.c.d. .and the repeated g.c.d.

methods are much faster than both Newton's and Muller's method on

*These times are from execution runs on the IBM 360/50 WATFOR system.



polynomials with multiple zeros. Therefore,. for polynomials with
multiple zeros, the order in which the methods are recommended is as

follows.

1. G.C.D. with Newton.

2, G.C.D. with Muller.

3. Repeated G.C.D. with Newton,
4, Repeated G.C.D. with Muller,
5. Muller.

6. Newton.

41
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APPENDIX A
SPECIAL FEATURES OF NEWTON'S AND MULLER'S PROGRAMS

Several special features have been provided in each program as an
aid to the user and to improve accuracy of the results., These are

explained and illustrated below.*
1. Generating Approximations

If the user does not have initial approximations available, sub-
routine GENAPP can systematically generate, for .an Nth degree poly-
nomial, N initial approximations of increasing magnitude, beginning
with the magnitude specified by XSTART. 1If XSTART is 0., XSTART is
automatically initialized to 0.5 to avoid the approximation 0. + 0.i.

The approximations are generated according to the formula:
XK = (XSTART + 0.5K) (Cos B + i Sin B)
where

6=—-—+K%— LK =0,1,2,...

To accomplish this, the user defined the number. of initial approxima-

tions to be read (NIAP) on the control card to be zero (0) or these

*These illustrations are representative of Newton's method in
double precision. The control cards for Muller's method are similarly
prepared.
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columns (7-8) may be left blank. If XSTART is left blank, it is inter-
preted as 0.

For example, a portion of a control card which generates initial
approximations beginning at the origin for a seventh degree polynomial

is shown in Example A.l.

——ariable Name

[—Card Columns 7
121 ¥ 5 7 8 0 2 8 D

6 7y 47 71 B
4

N

0 N

— P N 1 XSTART

0 A

L P

Y

I—:l 7
Example
Example A.1

The approximations are generated in a spiral configuration as illustrated
in Figure A.l. Exhibit 6.1 is an example of output resulting from
generated approximations.

Example A.2 shows a portion of a control card which generated
initial approximations beginning at a magnitude of 25.0 for a sixth

degree polynomial.
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6 7T 17 7118

12 lasl 78 4 o{ |2 8l 1o

N

0 N

P N I XSTART

0 A

L P

Y

1 6 2.5D+01

Example A.2

Note that if the approximations are generated beginning at the
origin, the order in which the roots are found will probably be of
increasing magnitude. Roots obtained in this way are usually more

accurate.
2, Altering Approximations

If an initial approximation, X,, does not produce convergence to

O!
a zero within the maximum number of iterations, it is systematically

altered a maximum of five times until convergence is possibly obtained

according to the following formulas:

If the number of the alteration is odd: (j = 1,3)

Xj+l = ]XOI (Cos B + i Sin B) where

Im X

-1 0

Re XO

8 = Tan +K %—; R=14if § = 1, 2 if § = 3.

If the number of the alteration is even: (j = 0,2,4)

Xj+l = —Xj.
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Each altered approximation is then taken as a starting approximation.
Each initial or altered approximation which does. not produce convergence
is printed as in Exhibit A.l. If none of the six~starting approximations
produce convergence, the next initial approximation-is taken, and the
process repeated. The six approximations are spaced 60 degrees apart

on a circle of radius ]XO| centered at the origin as illustrated in

Figure A.2,
3. Searching the Complex Plane

By use of initdial approximations and the altering technique, any
region of the complex plane in the form of an annulus centered at the
origin can be searched for roots. This procedure can be accomplished
in two ways.

The first way is more versatile but requires more effort on the
part of the user. Specifically selected initial approximations can be
used to define particular regions to be searched. .For example, if the
roots of a particular polynomial are kmown to have magnitudes between
20 and 40, an annulus of inner radius 20 and outer radius 40 could be
searched by using the initial approximations 20. + i, 23, + i, 26. + i,
29. + i, 32. + i, 35. + i, 38. + i, 40. + i.

By generating initial approximations internally, the program can
search an annulus centered at the origin of inner radius XSTART and
outer radius XEND. Values for XSTART and XEND are .sdpplied on the
control card by the user. Example A.3 shows a portion of a control card

to search the above annulus of inner radius 20.0 and outer radius 40.0.
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6 T 17 77 8

12 |45 7 8 4 0] {2 8] 0

N

0 N

P N I XSTART XEND

0 Al

L P

Y

1 7 2,0D+01 4.,0D+01

Example A.3

Note that since not less than N initial approximations can be
generated at one time, the outer radius of the annulus  actually
searched may be greater than XEND but not greater .than XEND + ,5N.

Example A.4 shows a control card to search a circle of radius 15.

] 6 7 7 7 8
1 2 4 5 7 8 4 0 2 8 0

N

0 N

P N I XSTART XEND

0 Al

L P

Y

2 7 1.5D+01

Example A.4

Figure A.3 shows the distribution of initial and altered approxima-

tions for an annulus of width 2 and inner radius a.
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4. Improving Zeros Found

After the zeros of a polynomial are found, they .are printed under
the heading "Before the Attempt to Improve Accuracy.''' They are then
used as initial approximations with Newton's (Muller®s) method applied
each time to the full (undeflated) polynomial. . .In most cases, zeros
that have lost accuracy due to roundoff error in .the-deflation process
are improved. The improved zeros are then printed under the heading
"After the Attempt to Improve Accuracy.' Since each root is used as an
approximation to the original (undeflated) polynomial, it is possible
that the root may converge to an entirely different root. This is
especially true where several zeros are close together. Therefore,
the user should check both lists of zeros to determine whether or not

this has occurred. See Exhibit 6.4.
5. Solving Quadratic Polynomial

After N-~2 roots of an Nth degree polynomial have been extracted,
the remaining quadratic, aX2 + bX + ¢, is solved using the quadratic

formula

% = -b i§/b2 - 4ac

2a

for the two remaining roots. These are indicated by the words "Solved
By Direct Method" in the initial approximation column. . If only a poly-
nomial of degree 1 is to be solved, the solution is found directly as

(X - C) =0 implies X - C.
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6. Missing Roots

If not all N roots of an Nth degree polynomial .are found, the
coefficients of the remaining deflated polynomial .are ptrinted under
the heading ''Coefficients of Deflated Polynomial. For Which No Zeros
Were Found." The user may then work with this polynomial in an attempt
to find the remaining roots. The coefficient of the highest degree

term will be printed first (Exhibit A.2).
7. Miscellaneous

By using various combinations of values for NIAP, XSTART, and
XEND, the user has several options available as illustrated below.
Example A.5 shows the control card for a seventh degree polynomial.
Three initial approximations are supplied by the user. At most three
distinct roots will be found and the remaining deflated polynomial will

be printed (Exhibit A.2).

6 7 7 7 8

12 4 5 7 8 4 0 2 8] |0

N

0 N

P N I XSTART XEND

0 A

L P

Y

1 7 3

Example A.5
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Note that if several roots are known to the user, they may be
"divided out" of the original polynomial by using .this procedure.

Example A.6 indicates that 2 initial approximations are supplied by
the user to a‘7th degree polynomial. After these approximations are

used the circle of radius 15 will be searched for the remaining roots.

4 6 71 |7 71 I8
12| 5] |78 4 of |2 8| lo
N
0 N
P N I XSTART XEND
0 A
L P
Y
1 7 2 1.5D+01

Example A.6

By defining XSTART between 0. and 15. an annulus instead of the

circle will be searched (Exhibit A.3).
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APPENDIX B
NEWION'S METHOD
1. Use of the Program

A double precision FORTRAN IV program using Newton's method is
presented here. Flow charts for this program are given in Figure B.6
while Table B.VIII gives a FORTRAN IV listing of this program. Single
precision variables are listed in some of the tables. The single
precision variables are used in the flow charts .and the corresponding
double precision wvariables can be obtained from the appropriate tables.

The program is designed to solve polynomials of degree 25 or less.
Both the coefficient of the highest degree term and the constant
coefficient should be non-zero. In order to solve polynomials of
degree N, where N > 25, certain array dimensions must be changed.

These are listed in Table B.I -for the main program and subprograms in

double precision.

100
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TABLE B.I
PROGRAM CHANGES FOR SOLVING POLYNOMIALS

OF DEGREE GREATER THAN 25
BY NEWTON'S METHOD

Double Precision

Main Program

RA(N+1), VA(N+D)
RB(N+1), VB(N+1)
RC(N+1), VC(N+1)
RD(N+1), VD(N+1)

RCOEF (N+1) , VCOEF(N+1)
MULT (N)

RXZERO(N), VXZERO(N)
RX(N) , VX(N) .
RXINIT (N) , VXINIT(N)

Subroutine HORNER
RA(N+1), VA(N+1)
RB (N+1), VB(N+1)
RC(N+1), VC(N+1)

Subroutine BETTER
RXZERO(N), VXZERO(N)
RX(N), VX(N)
RA(N+1), VA(N+L)
RCOEF (N+1), VCOEF (N+1)
RC(N+1), VC(N+1)
RB(N+1) , VB(N+1)

Subroutine GENAPP
APPR(N), APPI(N)

Subroutine QUAD

UA(N+1), VA(N+1)

UROOT (N) , VROOT(N)
MULTI(N)

Table B.II lists the system functions used in the program of Newton's

method. In the table "d" denotes a double precision variable name.
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TABLE B.I1I

SYSTEM FUNCTIONS USED IN NEWTON'S METHOD

Double Precision

DABS(d) - obtain absolute wvalue- .
DCOS (d) - obtain cosine of angle
DSIN(d) ~ obtain sine of angle
DATANZ(dl,dz) - arctangent of dl/d2
DSQRT (d) - square root

2. Input.Data for Newton's Method

Tﬂe input data for Newton's method is grouped .into polynomial data
sets. Each polynomial data set consists of the data for one and only
one polynomial. As many polynomials as the user desires may be solved
by placing the polynomial data sets one behind the .other. Each poly-
nomial data set consists of three kinds of information placed in the

following order:

1. Control information.
2. Coefficients of the polynomial.
3. Initial approximations. These may be omitted as

described in Appendix A, § 1.

An end card follows the entire collection of data sets. It indicates
that there is no more data to follow and terminates execution of the
program. This information is displayed in Figure B.l and described

below. For the double precision data, the D-type specification should
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be used. All data should be right justified. The recommendations
given in Table B.III are those found to give best results on the IBM

360/50 computer which has a 32 bit word.

Control Information

The control card is the first card of the polynomial data set and

contains the information given in Table B.III, See Figure B.2.

TABLE B.IIIL

CONTROL  DATA FOR NEWTON'S METHOD

Variable Name Card Columns Description
NOPOLY ceCs 1=2 Number .of .the polynomial.
Integer.

Right justified.

N c.c. 4-5 Degree of the polynomial.
Integer.
Right justified.

NIAP c.c. 7-8 Number of initial approxi-
mations .to-be read.
Integer.. . = .7~

If no .approximations are
given, this should be left
blank. '

MAX c.c. 19-21 Maximum number of iterations.
Integer. .7 .
Right justified.
200 is recommended.

EPSCNV c.c. 30-35 Convergence requirement.
Double precision.
1.D~10 is recommended.
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TABLE B.III (Continued)

Variable Name Card Columns Description .
EPSQ c.c. 37-42 Tolerance check for zero

(0) in .subroutine QUAD.
Double precision.
Right . justify.
1.D-20 .is :recommended.

EPSMUL c.C. 44-49 Multiplicity requirement.
Double precisions -
Right justify.
1.D-02 is-.recommended.

XSTART c.c. 64-70 Magnitude .at which to begin
generating initial approxi-
mations.

Double precision.

Right justify.

This is a special feature
of the program and may be

omitted,

XEND c.c. 72-78 Magnitude at which to end
the generating of initial
approximatiors.

Double precision.

Right justify.

This 1is a special feature
of the program and may be
omitted.

KCHECK c.c. 80 This should be left blank.

Coefficients of the Polynomial

The coefficient cards follow the control card. . For an Nth degree
polynomial, N+l coefficients must be entered one per card. The
coefficient of the highest degree term is entered first. For example,

4

if the polynomial X5 + 3X" + 2X + 5 were to be solved, the order in

which the coefficients would be entered is: 1, 3, 0, 0, 2, 5. Each
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coefficient is entered, one per card, as described in Table B.IV and

illustrated in Figure B.3.

TABLE B.IV

COEFFICIENT DATA FOR NEWTON'S METHOD

Variable Name Card Columng Description
RA (A in single precision) c.c. 1-30 Real part of complex
coefficient.

Double precision.

Right justify.

If none, leave blank or
enter 0.0D0O.

VA (A in single preecision)  c¢.c. 31-60 Imaginary part of complex
coefficient.
Double precision.
Right justify.
If none, leave blank or
enter 0.0D0O.

Initial Approximations

The initial approximation cards follow the set of coefficient cards.
The number of initial approximations read must be the number specified
on the control card and are entered, one per card, as given in Table

B.V and illustrated in Figure B.4.
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TABLE B.V

INITIAL APPROXIMATION DATA FOR NEWTON'S METHOD

Variable Name Card Columms Description
RXZERO (XZERO in single c.c. 1-30 Real part of. complex number.
precision) Double precision.

Right justify.
If none, leave blank or
enter 0,0DOQ.
VXKZERO (XZERO in single c.c. 31-60 Imaginary part of complex
precision) number.
Double precision.
Right justify.
If none, leave blank or
enter 0.0D0O.

End Card

The end card is the last card of the input data to the program. It
indicates that there is no more data to be read. When this card is
read, program execution is terminated. This card is described in

Table B.VI and illustrated in Figure B.5.

TABLE B.VI

DATA TO END EXECUTION OF NEWTON'S METHOD

Variable Name Card Columns Description

KCHECK c.c. 80 Must contain the number 1.
Integer.
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3, Variables Used in Newton's Method

The definitions of the major variables used in Newton's method are

given in Table B.VII. The symbols used to indicate type are:

R real variable

I - integer variable
C - complex variable
D - double precision
L - logical variable

A - alphanumeric variable

When two variables are listed, the one on the left is the real part of
the corresponding single precision complex variable; the one on the right

is the imaginary part. The symbols used to indicate disposition are:

E - entered
R - returned
ECR - entered, changed, and returned

C - variable in common
4., Description of Program Output

The output from Newton's method programs consist of the following
information.

The number and degree of the polynomial are printed in the heading
(Exhibit 6.1).

The coefficients are printed under the heading "THE COEFFICIENTS
OF P(X) ARE." The coefficient of the highest degree term is listed

first (Exhibit 6.1).
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As an aid to ensure the control information is correct, the number
of initial approximations given, maximum number of iterations, test for
convergence, test for multiplicities, radius to start search, and radius
to end search are printed as read from the control card .(Exhibit 6.1).

The zeros found before and after the attempt to improve.'accuracy
are printed. See Appendix A, § 4 for further explanation. (Exhibit 6.1).

If not all zeros of the polynomial are found, the coefficients of
the remaining unsolved polynomial will be printed, with coefficient of
highest degree term first, under the heading '"COEFFICIENTS OF DEFLATED
POLYNOMIAIL FOR WHICH NO ZEROS WERE FOUND.'" See Appendix A, § 6. This
is illustrated in Exhibit A.2.

The multiplicity of each zero is given under the title "MULTIPLI-
CITIES" (Exhibit 6.1).

The initial approximation producing convergence to a root ig
printed to the right of the corresponding root and headed by "INITIAL
APPROXIMATION." The initial approximations may be those supplied by the
user, or generated by the program, or a combination of both (Exhibit
A.3). See Appendix A, § 1 and § 2 for discussion of approximations.

The message ''SOLVED BY DIRECT METHOD'" indicates that the corresponding
root or roots was obtained by Subroutine QUAD. See Appendix A, § 5.

If an approximation does not produce convergence within the maxi-
mum number of iterations, it is printed under the heading '"NO CONVER-
GENCE FOR THE FOLLOWING APPROXIMATIONS AFTER XXX ITERATIONS." XXX is
replaced by the maximum number of iterations. The type of the approxi-
mation, that is, initial approximation or altered approximations is
given (Exhibit A.l). See Appendix A, § 1 and § 2 for discussion of

approximations.
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5. Informative and Error Messages

The output may contain informative or error messages. These are

intended as an aid to the user and are described as follows:

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY DID NOT CONVERGE

THE PRESENT APPROXIMATION AFTER ZZZ ITERATIONS IS PRINTED BELOW." X is
the number of the zero, YYY is the value of the zero before the attempt
to improve -accuracy, ZZZ is the maximum number of iperations. This
message indicates that a zero found before attempting to improve
accuracy did not converge sufficiently when being used as an initial
approximation on the full (undeflated) polynomial. The current approxi-
mation is printed in the list of improved zeros. In many cases, this
failure to converge is a result of an ill-conditioned polynomial and
this current approximation of the root may be better than its approxi-
mation before the attempt to improve accuracy. In most cases, the
polynomial from which this root was first extracted had fewer multiple

roots, due to deflations, than the original polynomial.
"THE VALUE OF THE DERIVATIVE AT X0 = XXX IS ZERO."

This message is printed as a result of the value of the derivative
of the original polynomial at an approximation, XXX, being zero (0).
It occurred in the attempt to improve the accuracy of a zero. The

previous message is then printed.
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End Card

Init. Approx. Gards

coefficient Cords\

("Control Gard |
Init, Approx, Cavds\

oetficient Cordd\

/Control Cavd

Figure B.l, Sequence of Input Data for Newton's Method
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0001

0002

0003
0004
0005
0006

0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
Q031
0032
0033
0034
0035
0036
0037
0038

0039
0040

OO0 00

TABLE B, VIII

PROGRAM FOR NEWTON'S METHOD
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HARBEFAERERXIEHIEEERRREE IR R RXFERERRREBREXEEF AR ABEE R T FRERB AR FARSS SRR F bR F R

*
»*
*®
™
*

%®
*
*
*
*

HERRROR RO R R R R REE R ERRERR R E AR R R ERRR KRS R A EE R RS RN AR AR B E KRB EE
DOUBLE PRECISION RA4VARXZERQ,VXZERD)RByVBsRCOEF,VCOEFRXy VXsRXINE
LT VXINIT sRC s VE yRD» VD ¢ RPX g YPX ¢ RDPX o VDPX ¢ RXNEW s VXNEW o RXO¢ VX0 EPSCHK

1 READ(IOL,1000) NOPOLYsN;NIAP;MAX,EPSCNV,EPSQs EPSMUL, XSTART » XENDoKC

5

DOUBLE PRECISION PROGRAM FOR NEWTON®S METHOD

NEWTONS METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A

POLYNOMIAL OF MAXIMUM DEGREE 25 BY COMPUTING A SEQUENCE OF APPROX-

IMATIONS CONVERGING TO A ZERO DF THE POLYNOMIAL USING THE ITERATION

FORMULA
XUN#1) = XIN)=-PUIXIN}}/PIXIN}).

2EPSCNV,EPSQ; EPSMUL ¢ XSTART » XEND: ABP X, ABDP X

DIMENSION RA(26),VA(26)sRBI26),VBL26),RCL26),VCI26)yRD(26),VDL26),

LRCOEF{26) s VCOEF{26) +RULTL25) 4RXZERDE25) s VXZERC{25)5RXE25) 4¥X125) 4R

2XINIT(25) , VKINIT(25)
COMMON EPSCHK,MAX, [02
101=5

102=6

IHECK

IF{KCHECK .EQ.1) STO

NA=N+1 -

READU(IODL,1010}) (RA(I}oVALI} I=1,NA)
WRITE(102,1030) NOPOLY.N
WRITEL102,1040) (X,RA(I);VALI),I=14NA)
WRITE(102,2060)

WRITE(]102,2000) NIAP
WRITE(102,2010) MAX

WRITE{(02,2020) EPSCNV
WRITE{]102,2030) EPSMUL
WRITE(102,2040) XSTART
WRITE{102,2050} XEND

IF(NIAP.NE.O) GO TO 3

NIAP=N

CALL GENAPP{RXZERO,VXZERO,NIAP,XSTART)
GO 7O 4

READ(101,1020) (RXZERC{I},VXZERDII)sI=1,NIAP)
NDEF=N

L=1

ITER=0

NROOT=0

IRO0T=0

ITIME=0

ND=0

TALTER=0Q

K=0

RXO=RXZERO(L)

VX0=VXZERO(L}

DO 5 I=1,NA

RCOEF¢ [ }=RA(T)

VCOEF({1)=VA(])

10 CALL HORNER{RCOEF ;VCOEF ,;RXOs YXGy NDEFsRB,VByRCoVCRPR VP X RDPX s YDPX

1)
ABPX=DSQRT {RPX*RPX+VPX:VP X}
ABDPX=DSQRT (ROPX#ROPX+VDPXAVDPX )

*
*
#*
*
£
$
L
%
®
L 3
%

112
116

130
132

152
154
160

164
168
180
181
188
190
191



0041
0042
0043
0044
0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071

0072
0073
0074
0075
0076
0077
0078

0079
0080
0081
0682
0083
0084
0085
0086
Q087
p0osas
0089
0090
0091
0092
0093
0094
0095
0096

20

40

60

65

70

80

105

107

110

113

TABLE B, VIII (Continued)

1FLABDPX . NEL.O.0) GO TO 20

IF(ABPX.EQ.,0.,0) GO TOD 70

G0 Y0 110

CALL NEWTON{RPX sVYPX;RDPXVOPXsRX0s VX0 s RXNEW s VXNEW)
ITER=ITER+]

RXO=RXNEW

VX0=VXNEW

EPSCHK=EPSCNV

CALL CHECK{RPX YPX,RDPX, VDPX,RX0; VXD, KANS)
IF(KANS.EQ.1} GO TO 70

IFCITER. GE«MAX) GO TO 40

GO 70 10

CALL ALTER(RXZERD(L) yVXZERO{L) s JALTERITIME?
IF(TALTER.GT.5) GO TO 110

RXO=RX ZERO(L)

VXO=VXZERO(L)

ITER=0

GO TO 10

ND=NDEF+1

D0 65 J=1,ND

RO{J)=RCOEF LN}

VvDUJ)=VCOEF({ J)

GO TO 140

NROOT=NROOT+1

K=K+1

MULT(K)=1

RX{K)=RX0

VX{K}=VX0

RXINIT(K)=RXZERO(L)

VXINIT{K)=VXZERO(L)

CALL HORNER(RCOEF,VCOEFRXOy VXO, NDEF oRBoVB,RCVCRPX¢YPX,ROPXs VDPX

1)

IFINROOT.GE.N) GO TO 147
NDEF=NDEF~1

NUM=NDEF +1

DO 105 f=1,NUM
RCOEF{I)=RB(I)
VCOEF(I)=VB(I)

CALL HORNER(RCDEF ;VCOEF:RXO; VXO,NDEF ¢RBsVB,RCeVC s RPX VP X4 ROPX, VDPX

1) .
ABPX=DSQRT(RPX*RPX+VPXEVPX}
ABDPX=DSQRT(RDPX¥RDP X+VDPX*VOPX)
IF(ABDPXNE.O.0) GO YO 107
IF{ABPX.EQ.0.Q0) GO YO 130
GO TO 110
CONTINUE
EPSCHK=EPSMUL
CALL CHECK{RPX,VPXsRDPX;VDPX,RX0,VADsKANS)
IF(KANS.EQ.1) GO TO 130
IFINDEF.GT-2) GO TO 113
IROOT=K
CALL QUAD(RCOEF;YCOEF;NDEF:RX VX Ko MULT,EPSQ}
GO T0 150
IF(L.LT.-NIAP) GO TO 115
IF(XEND,EQ.0.0) GO TO 60
IF{XSTART.GT.XEND) GO T0O- 60
NIAP=N
CALL GENAPP{RXZERO;VXZERONIAP,XSTART)
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200
204
205

194 ,
208

244
248

268
272
276
280
281
288
289

294
296
297

300



0097
0098
0099
0100
o101
0102
0103
0104
0105
0106
0107
o108
0109
0110
011l

0112
o113
0ll4
0115

0116
0117
o118
0119

0120
o121
0122
0123
0124
o125
0126
0127
o128

0129
0130
0131

0132
0133
0134
0135
0136

0137
0138
0139
0140
014l
0142
0143
0l44
0145

TABLE B. VIII (Continued)

L=0
115 L=L+1

RXO=RXZERO(L)

VXO=VXZERD(L)

I1TER=0

IALTER=0

GO TO 10
130 MULTIKI=MULT{K)+1

NROOT=NROOT+1

GO TO 80
140 1F{K.EQ.0) GO TO 160
147 1R0OOT=K
150 WRITE(102,1025)

WRITE(102,1050)

HR:TE(IDZ,IOGO) CTaRXCT) g VXETY o MULT CL) oRXINITAID o VXINITL(I) =1, IRO

107

KKK=1ROOT+1

IFCIROOTLTLK) WRITE(IO02+41062) {1 ,RXCIDoVX(I) MULTIID sI=KKKoK)

EPSCHK=EPSCNV

CALL BETTER(K)RXZEROYVXZERGsRXyVXsNAJRAyVAyRCOEF,VCOEF¢NyRCyVC4RB,

1vB)
160 IF(K.EQ.0) GO YO 170

WRITE(102,1065)

WRITEL102,1050)

WRITE(I02,1060) {TsRXETIoVXOIDoMULTUI}oRXINITCIDNZVXINITLI) sI=1,1R0O

on

KKK=IR0OOT+1

IFCIRODOTLLYK) WRITEUI02,1062) (TRX{EDoVXUI)oMULTEE) 9 I=KKK4K)
170 IF(ND.EQ.0) GO TO 1

WRITE(102,1070)

WRITE{102,1075) (JsRDUJ),VDUJ},yI=1,ND)

GO 70 1

1000 FORMATI3(I2,1X),9XoE3,8Xs3106.051X}s13Xe2(DT720o1X)511)

1010 FORMAT(2030.0) '

1030 FORMAT(1H1,8X,43HNENTONS METHOD YO FIND ZEROS OF POLYNOMIALS/9X,18
1HPOLYNOMIAL NUMBER +12,11H OF DEGREE 4124////1X9s28HTHE COEFFICIENT
2S5 OF PUX) ARE/)

1040 FORMAT(3X,2HP{,12,4H) = 4D23,1693H + 3D23,16,2H 1)

1020 FORMAT(2D30.0)

1025 FORMAT(///1X,61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZERQS
10F P{X} ARE)

1050 FORMAT(///2X,13HROOTS OF P{X) 52X+ 14HMULTIPLICITIES,) 17X 2 HINITIAL

1 APPROXIMATION//}

1060 FORMAT(3X,SHROOT (4 12,4H) = 4D23.1643H + ,023.1642H 147X,12,7X,D23.
116,3H + ,023.16,42H I}

1062 FORMAT(3X,SHROOT(s12¢4H) = 9D23.1693H ¢ »sD23.2692H 19TKe12¢8X,23HS
10LVED BY DIRECT METHOO)

1065 FORMAT(///1X+61HAFTER THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
10F P(X}) ARE)

1070 FORMAT{///1X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO Z
LEROS WERE FOUND/}

1075 FORMAT(3X,2HD(,12,4H) = 4023.1653H + ,D23.16,2H 1}

2000 FORMAT(1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. ,12)

2010 FORMAT{1X,29HMAXIMUM NUMBER OF ITERATIODNS.s11X,13)

2020 FORMATI{LX,21HTEST FOR CONVERGENCE.s13X509.2)

2030 FORMAT(LX,24HTEST FOR MULTIPLICITIES.,10X,D09,.2)

2040 FORMAT{1X,23HRADIUS TO START SEARCH.y11X+09.2)

2050 FORMAT(LX,21HRADIUS TO END SEARCH.»13X.D9.2)

2060 FORMAT(//1X)
END
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312
313
316
320
324
328
332
336
338

396

444

450



129

TABLE B. VIII (Continued)

0001 SUBROUT INE GENAPP(APPRIAPPI NAPP, XSTART)
c EEERECRREREERE AR SR RRES ERRRERERERR KK KK KK P2 Y KREEEE SRR EEETARRREEE
c * . *
Cc * SUBROUTIME GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N IS VHE *
c * DEGREE OF THE ORIGINAL PDLYNOMIAL. *
[ * =
c RRERRERA AR RR RN R R EERBRER KRR RRE R R AR E IR E SRR G SR ER R ERES KRR AREE SR GRS
0002 DOUBLE PRECISION APPRyAPP I XSTART,DUMMY,BETA
0003 DIMENSION APPRI2S5),APPIL25}
0004 COMMON DUMMY ;MAX, 102
0005 IFIXSTARTLEQeD o0 ) XSTART=0,.5
0006 BETA=0.2617994
0007 D0 10 I=1.NAPP
0008 APPR(I )=XSTARY*DCOS (BETA}
0009 APPI(I)=XSTART*DSINIBETA)}
0010 BETA=BETA#0.5235988
0011 10 XSTART=XSTART+0,.5
0012 RETURN ~
o013 END
0001 SUBROUTINE ALTER{XOLDRXOLDI,NALTER,ITIME)
c T Ry Ay P Ty P e
c * ]
[ * SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO *
e &% CONVERGENCE TO A ZERO. THIS IS DONE A MAXIMUM OF § TIMES FOR EACH ROQT. *
C * *
[ P Y P R T s R Tt e Py
0002 DOUBLE PRECISION XOLDR,XOLODI,DUMMY,ABXOLD,BETA
0003 COMMON DUMMY ;MAX, 02
0004 IFLITIME.NE.O) GO TQ S
000S ITIME =1
0006 WRITELTOZ2,1010) MAX
0007 5 IF(NALTER.EQ.0) 6O TO 10
0008 WRITE(102,1000) XOLDR,XOLDI1
0009 GO TO 20
0010 10 ABXOLD=DSQRT(XOLDR*XOLDR #X0LD1*X0OLDI)
0011 BETA=DATAN2 (XDLDI,X0OLOR}Y
0012 WRITE(102,1020) XOLDR,XOLDI
0013 20 NALTER=NALTER+1
0014 IF{NALTER,GT.5) RETURN
0015 GO TO (30,40,30,40,30)NALTER
00lé 30 XOLDR=-XOLDR
0017 XOLDI=-X0LDY
0018 G0 TO S0
0019 40 BETA=BETA+1.0471976
0020 XOLDR=ABXOLD*DCOS{BETA)
0021 XOLDI=ABXOLD*DSINIBETA)
0022 50 RETURN
0023 1000 FORMAT(1XsD23.16¢3H ¢ ¢D23.16+2H 1,10X,21HALTERED APPROXIMAYION)
0024 1010 FORMAV(//7/1X.54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
LTER 413,12H ITERATIONS.//)
0025 . 1020 FORMATE/1X:D23.1643H ¢ ,D23,16,2H T,10X,21HINITIAL APPROXIMATION)

0026 END
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TABLE B, VIII (Continued)

0001 SUBROUTINE QUAD(UA,VA,NA,UROOYT,VROOT ,NROOTMULT {4 EPST)

c B e T e R T T 2 D Ty T P T T Y Y
c * : ,' *®
C * SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES *
C * OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR., SOLUTION OF THE *
[# * QUADRATIC IS DONE USING THE QUADRATIC FORMULA. *
C * ®
[ L T T T T L T P L Ty e T Ty T P P T

0002 DOUBLE PRECISION UA,VA,URQOT,VROOT,B88,UAAAy VAAA,UDISC, VDISC »UDUMM

LY o VDUMMY s ROUMMY y SDUMMY ,EPST,UBBB,VBBA

0003 DIMENSION UA(26),VAL26),URODT(25),VROOT(25) MULTIL25)

0004 IF{NA.EQ.2) GD TD 7

0005 IF(NA.EQ.1) GO TO 5

0006 UROQT (NROOT+1)=0.0

0007 VROOT{NRCOT+1)=0.0

0008 MUL TI{NROOT¢1) =1

0009 NROOT=NROOT +1

0010 GO 7O 50

0011 S BBB=UA(1)*UA(L)+VA(1)*VA(1)

oot2 URDOT(NROOT+1)=(-UA{2)*UA(1}-VA(2}*VA(L))/BBD

o013 VROOT{NROOT+1) =(~VA(2)#UA{ L) +UA(2)*VA(1))}/BBB

0014 MULTI(NROOT+1)=1

0015 NROOT=NROOT+1

0016 GO Y0 50

0017 7 UDISC={UA(2)%UAL2)~-VA(21%VA{2))~(4.0%(UALLI*UA(3)-VA(L)*VAL3)))

o018 VDISC={VA{2)*UAL2)+UA(2) ¢VA{2}) (405 {VA{LI*UA(3)+UALT)*VAL3))])

00l9 8B8B=DSQRYTLUDISC*UDISC+VDISCHVDISC)

0020 IF{BBB.LTL.EPST) GO TO 1O

0021 CALL COMSQT(UDISC,VDISCUDUMMY » VDUMMY)

0022 UBBB=-UA{2)+UDUMMY

0023 VBB8B=~VA(2)+VDUMMY

0024 RDUMMY=—-UA{ 2) -~UDUMMY

0025 SDUMMY =~V A{2)-VOUMMY

0026 UAAA=2,0%UA(1)

0027 VAAA=2,0%VA(1)

0028 BBB=UAAA*UAAA+VAAARVAARA

0029 UROOT(NROOT+1) =(UBBB*UAAA+VBBBXYAAA)}/BBB

0030 VROOT(NRODT+1)={ VBBB*UAAA-UBBB*VAAA) /888

0031 UROOT {NRDOT+2 )=( ROUMMY *UAAA+SDUMMY ¥VAAA) /BBB

0032 VROOT{NROOT+2) =({ SDUMMY#*UAAA~-RDUMMY *VAAA) /7 BBB

0033 MULTI(NROOT+1)=1

0034 MULTI{NROOT+2) =1

0035 NROOT=NROOT+2

0036 GO Y0 50

0037 10 UAAA=2,0%UA(]1)

0038 VAAA=2,0%VA( 1)

0039 BBB=UAAAXUAAA+VAAARVAAA

0040 UROOT{NROOT+11 = -UAL2)*UAAA-VAL 2) &VAAA) /BBB

0041 VROOT (NROOT+1)={-VA{ 2)%UAAA+UA( 2} *VAAA) /BBB

0042 MULTI({NROOT+1)}=2

0043 NROOT=NROCT+1

0044 50 RETURN

0045 END
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TABLE B. VIII (Continued)

0001 SUBROUTINE COMSQTIUX VX;UY VYY)

c P R PR R T R "% oy
[ * &
[+ # THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER. ®
c L %
c SEFEERBAAE TR B R RERFEERRRERE KBRS R AT RFERE AR R AR S SRS EREREAR BE IR ASE ISR SXFEA S hkE

0002 DOUBLE PRECISION UXyVXoUY VY DUMMY,RoAAA,BBD

0003 R=DSQRT{UX®UX+VXEVX)

0004 AAA=DSQRT(DABS ({R+UX)/2,0))

0005 BBB=DSQRT{DABS { {R~UX)/2.01})

0006 IFE{VX) 10,20,30

oootr 10 UY=zAAA

0008 VY=-1,0%888

0009 GG T0 100

0010 20 IFLUX) 40,50,60

oot1 30 UY=AAA

0012 vVY=8B8

0013 GO TO 100

0014 40 DUMMY=DABS{UX}

0015 UY=0.0

0016 YY=DSQRT { DUMMY)

0017 GO TO 100

ools8 50 UY=0.0

0019 VY¥=0,0

0020 GO 70 100

0021 60 DUMMY=DABS {UX)

0022 UY=DSQRT (DUMMY )

0023 VY=0.0

0024 100 RETURN

0025 END
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TABLE B. VIII (Continued)

0001 SUBROUTINE" HDRNERlRA1VA'RXD'VXD,NDEFoRﬁQVB»RC.VC.RPX.VPX.RDPX.VDPX

[ R REERS R AR RRRE KRR KRR REER *k CXEEREREEEREEEERRE KK ER
c * *
c * HORNER®S METHOD COMPUTES THE VALUE OF A POLYNOMIAL PIX) AT A POINT D AND #*
[ # [TS DERIVATIVE AT Do SYNTHEVIC OIVISION IS USED TO DEFLATE THE &
c * POLYNOMIAL BY DIVIDING OUT THE FACTOR (X-Dil. ®
c * &*
[ P T T R P R R L T S L DT S T P e T
1)

0002 DOUBLE PRECISION VDPX.RXO-VXD.RB.VB RCsVC oRPXSVPXLRDPK,RAGVA

0003 DIMENSION RAU26) ¢VAL26),RB{26)DeVBI26)oRCI26D,VCE26)

0004 RBU1Y=RA{(L1} 516

0005 vB{ll=vA(l) 517

0006 NUM=NDEF +1 520

0007 DO 10 1=2,NUM 524

0008 RBIII=RACII+(RB(I-1I*RXO-VB(I-18*%VXO}

0009 10 VBUI}=VACI}+{VB(I-1)*RXOQ+RB{I-1)#VXO)

0010 RPX=RB{NUM) 832

0011 VPX=VBINUM) 533

0012 RCE1)=RB(1) 540

0013 veil)=vB(1) 541

0014 IF{NDEF.LT.2) GO TO 25

0015 00 20 J=2,NDEF 544

0016 RCUII=RBLIIV+{RCII-1 I *RXD-VC{J-1}%VXO)

0017 20 VCLJII=VBLI) VO LJI-1 ) #RXO+RCII-1)*YXO)

0018 25 RDPX=RC (NDEF)

0019 VDPX=VC{NDEF) 553

0020 RETURN 572

0021 END 580

0001 SUBROUT INE NEHTON(RPX.VPX'RDPX.VDPX.RXD,VXO,RXNEH.VXNEHI 600
c B T L L S P g s
c * *
[ * THIS SUBROUYINE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX~ *
c * IMATION BY USING THE [TERATION FORMULA *
c * XAN#1) = X{NI=P{X{NI)/P2(XIND}, *
C * B ]
c EEERRERERERRERIRE R ER SRR RER TR KRR E % * kK

0002 DOUBLE PRECISION RPXsVPX,RDPXeVOPXoRXOs VX0 RXNEW, VXNEH.ARG

0003 DOUBLE PRECISION DDD

0004 ARG=RDPX*RDPX+ VDPX*YDPX.

0005 DDD=DSQRT { ARG)

0006 1F(DDD.EQ.0.0) RETURN

0007 RXNEW=RXO-{ ( RPX*RDPX+VPX*VDPX)}/ARG)

0008 VXNEW=VXO0-{ {VPX*RDPX~RPX*VOP X} /ARG)

0009 RETURN 616

0010 END 620



0001

0002

0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
00lé6
0017
00l8
0019
0020
0021

[z¥zXeXzEzNeNaRal

TABLE B. VIII (Continued)

SUBROUTINE CHECK (RPX,VPX¢RDPXsVOPXoRXOpVXOsKANS)

PSR RS2 RS SRS 2 L2 2 R 22 2 R 2l

*
*
¥
*
*
*
&

10

25

THIS SUBROUTINE CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX~-

IMATIONS BY TESTING THE EXPRESSION

ABSOLUTE VALUE OF (PUXIN))}/PPIXIN)})/ABSOLUTE VALUE OF XiN¢1),
WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS OBTAINED.

DOUBLE PRECISION ARG

DOUBLE PRECISION DDOD

COMMON EPS,MAX, (02

ABSXO=DSQRT (RXO¥*RX0+VXO*YX0)
IF{ABSX0.EQ.0.) GO TO 25
ARG=RDPX*ROPX+VDPX*VDPX
DDD=DSQART (ARG)

IF(DDD.EQ.0.0) GO TO 25

RDUMMY = { RPX¥RDPX+VPX*VDP X} /ARG
VDUMMY = { VPX¥RDPX~RPX®VDPX )} /ARG
ABSQUO=DSQRT(RDUMMY*RDUMMY +VDUMMY#VDUMMY )
IFLABSQUO/ABSXO.LT.EPS) GO TO 10
KANS=0

RETURN

KANS=1

RETURN

KANS=0

RETURN

END
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FREBEFEERERBUBISEEEERE

LR

HEEREREEREFEFEIRNEERE AR RS SRR EFR KR RS AR R R R KRE R R R B R RE S E SR T AR KRR A e AR B bk R
DOUBLE PRECEISION RPXyVPXsRDPX» VOPXsRX0VX0 ,ABSX0,ABSQUO, RDUMMY , VDU
LMMY, EPS

149
750

760
764
768
772

4o
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0004
0005
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0007
0008
0009
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0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038

0039
0040

0041

AOOONON

TABLE B. VIII (Continued)

SUBROUTINE BETTER(KoRXZERO, VXZERDsRXsVXyMNAsRA, VA RCOEF oVCOEFyNoRCy
1VC,RB,VB}
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LRSI RT3 E S22 S 22 S ST S RS2SR 2RSS R 222 22 2 2 * L2 2 2 REdkRR R
* *
* SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZERQS FOUND ®
% BY USING THEM AS INITIAL APPROXIMATEIONS WITH NEWTON®S METHOD APPLIED TO *
* THE FULL, UNDEFLATED POLVNOMIAL. *
* #*
KEFRRRRERRERE SRR e kR e pkhrR kR ek erphkkkkkEkFhkkkrg) Rk FkE
DOUBLE PRECISION RXZERO,VXZERD+RXsVXysRAoVARCOEF,VCOEF,RCoVC,RB,y VB 805
1sRXOsVXOoRPX VP X4ROPX, VOPX s RXNEW s VXNEW, EPS
DIMENSION RXZERO{25) ,VXZERO(25)sRX{25) 4VX425) yRA(26),VAL26) RCOEF!
126) 3 VCOEF(26),RC126),VC(26),RB{26},VB(26)
DOUBLE PRECISION ABPX,ABDPX
COMMON EPSyMAX, 102
DO 10 I=1,4K 812
RXZERO(I}=RX{1) 815
10 VXZERO(I)=vX(I} 816
DO 20 I=1,NA
RCOEF( 11=RALI) 824
20 VCOEF(I)=VALD) 825
DO 50 J=1,K 828
RXO=RXZERO(J} 832
VXO0=VXZERO(J) 833
NN=N 834
ITER=0 836
30 CALL HORNER(RCOEF,VCOEF,RXOsVXDsNN2RByVBoRCoVC RPRsVPXoRDPX,VDP X}
ABPX=DSQRT{RPX*RPX+VPX*VPX)
ABDPX=DSQRT(RDPX*RDPX+VDPX*VDPX}
1F(ABDPX.NE.O.0) GO TO 33
IFLABPX.EQ.0.0) GO TO 40
GO TD 34
33 CALL NEWTON(RPX,VPX;RDPX;VDPXsRXOsYXO:RXNEWs VXNEMW?
ITER=1TER®] 856
RXO=RXNEW 860
VYXO=VXNEW 861
CALL CHECK{RPX,VPX,RDPX, VDPX RX0yVX0,KANS)
IF{KANS.EQ.1) GO TO 40 844
IF(ITER.GE.MAX) GO YO 35
GO T0 30 864
34 WRITE(102,1112} RXO,VX0
35 WRITE(I[02,100) J,RXZERO(J),VXZERO(J}
WRITE(ID2,200) MAX
40 RX{J)=RX0 870
Xt J)=vVxo arl
50 CONTINUE 872
RETURN 876
1112 FORMAT(1HO,36HTHE VALUE OF THE DERIVATIVE AT XO = ,D23,16,3H # ,D2
13.16,2H 1,104 (S ZERO.) .
100 FORMAT {(42HOIN THE ATTEMPT TO IMPROVE ACCURACY, ROQT{,12,4H) = ,D23
1.1633H + ,023.16,2H [,18H DID NOT CONVERGE.}
200 FORMAT(33H THE PRESENT APPROXIMATION AFVER ,13,29H ITERATIONS IS P
LRINTED BELOW.?
END 880



APPENDIX C
MULLER'S METHOD
2, Use of the Program

A double precision FORTRAN IV program using Muller's method is
presented in this appendix. Flow charts for this program are given in
Figure C.l while Table C.V gives a FORTRAN IV listing of this program,
Single precision variables are listed in some of the tables. The
single precision variables are used in the flow charts and the
corresponding double precision variables can be obtained from the
appropriate tables.

The program is designed to solve polynomials of degree 25 or
less. Both the coefficient of the highest degree term and the constant
coef ficient should be non-zero. In order to solve polynomials of
degree N, where N > 25, certain array dimensions must be changed.
These are listed in Table C.I for the main program and subprograms in

double precision.
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PROGRAM CHANGES FOR SOLVING POLYNOMIALS OF

Table C.II lists the system functions used in the program of

Muller's method.

name.

TABLE C.1

DEGREE GREATER THAN 25
BY MULLER'S METHOD

Double Precision

Main Program

UROOT (N) , VROOT (N)
MULT (N)
UAPP (N, 3) ,VAPP (N, 3)

UWORK (N+1) , VWORK (N+1)

UB (N+1) ,VB (N+1)
UA(N+1) ,VA(N+1)

URAPP (N, 3) ,VRAPP (N, 3)

Subroutine BETTER

UROOT (N) , VROOT (N)
UA(N+1) , VA (N+1)

UBAPP (N, 3) ,VBAPP (N, 3)

UB (N+1) , VB (N+1)
UROOTS (N) , VROOTS (N)

URAPP (N, 3) ,VRAPP (N, 3)

MULT (N)

Subroutine GENAPP
APPR (N, 3) ,APPI (N, 3)
Subroutine HORNER

UA(N+1) ,VA(N+L)
UB (N+1) ,VB (N+1)

Subroutine QUAD
UA(N+1) ,VA(N+L)

UROOT (N) , VROOT (N)
MULTI (N)
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In the table "d" denotes a double precision variable
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TABLE C.II

SYSTEM FUNCTIONS USED IN MULLER'S METHOD

Double Precision

DABS(d) - obtain absolute value
DATANZ(dl,dz) - arctangent of dl/dZ
DSQRT (d) - square root

DCOS (d) - cosine of angle
DSIN(d) - sine of angle
DSQRT(d) - square root

2. Input Data for Muller's Method

The input data for Muller's method is identical to the input data
for Newton's method as described in Appendix B, § 2 except for the
variable names. The correspondence of input variable names is given
in Table C.III. Only one (not three) initial approximation, XO’ is
given for each root. The other two required by Muller's method are

constructed within the program and are .9XO and l.lXO.

3. Variables Used in Muller's Method

The definitions of the major variables used in Muller's method are
given in Table C.IV. For definitions of variables not listed in this
table see the definitions of variables for the corresponding subroutine
in Table B.VII. The notation and symbols used here are the same as

for Table B.VII and are described in Appendix B, § 3.
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TABLE C.III

CORRESPONDENCE OF NEWTON'S AND MULLER'S
INPUT DATA VARIABLES

Newton's Method Muller's Method

Control Card

NOPOLY NOPOLY
N NP
NIAP NAPP
MAX MAX
EPSCNV EPS
EPSQ EPSQ
EPSMUL EPSM
XSTART XSTART
XEND XEND
KCHECK KCHECK

Coefficient Card

A (RA) A (UA)
A (VA) A (VA)

Initial Approximation Card

XZERO (RXZERO) APP (UAPP)

XZERO (VXZERO) APP (VAPP)
End Card

KCHECK KCHECK

4, Description of Program Output

The output from Muller's method is the same as that for Newton's
method as described in Apptendix B, § 4. Only one initial approximation,
Z, (not three) is printed for each root. It is either that supplied by
the user or generated by the program. The other two approximations

used were 0.9Z and 1.1Z.
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5. Informative and Error Messages

The output may contain informative messages printed as an aid to

the user. These are:

""NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX.'"

XX is the number of the polynomial. This message is printed if no roots

of the polynomial were found.

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT (X) = YYY
DID NOT CONVERGE AFTER ZZZ ITERATIONS

THE PRESENT APPROXIMATION IS AAA"

X is the number of the root before the attempt to improve accuracy, YYY
is the value of the root before attempt to improve accuracy, ZZZ is the
maximum number of iterations, and AAA is the current approximation
after the maximum number of iterations. This message has the same

meaning as the corresponding message in Appendix B, § 5.
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CALL Quad
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Flow Charts for Muller's Method

CALL HoANIR
Woan, 8, »x2,
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[CALL HORNER J
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CML CALC

1,52, X3, P,

PR2 PN, K%,
Q¢, Ha

;

CRALL HORNER
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TABLE C.V.

PROGRAM FOR MULLER'S METHOD

L2222 2R 22222 Sa 2t i S R St A s it i LIRS e 2 R e

%
* DOUBLE PRECISION PROGRAM FOR MULLER®S METHOD *®
* #*
*® *
& MULLER®S METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A ¥
* POLYNOMIAL OF MAXIMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE L]
* POLYNOMIAL IS APPROXIMATED BY A QUADRATIC, THE ZERD OF THE QUADRATIC *
* CLOSEST TO THE OtD APPROXIMATION IS TAKEN AS THE NEW APPROXIMATION. ®
* IN THIS MANNER A SEQUENCE IS OBTAINED CONVERGING TO A ZERD. *
¥ &
ik kgk kR koo Rok Rk kR Rk Rk Rk F R kiR R R R R R Rk Rk kR kR dok kR gk dotokogok dojolox ok Bk
0001 DOUBLE PRECISION UPX3,VPX3,UPX2,VPX2,URDOT,VROOTsUXL,VX1,UAPP,VAPP

15UX2,VX2 3 UHORK s VHORK sUX3 5 VX3 yUB s VB yUK& s VXG5 UA3 VA, UPXL s VPX 1 URAPP,V

2RAPP yUP X4 VPX4 o EPSRT,EPSO,EPS,CCC+EPSMoUH3,VH3 ,UQ4sVQ4,ABPX4,ABPX3

[sRalzEeNaEaNe e NaNaXal o)

34QQQ,XSTART . XEND
0002 DIMENSION UROOT(25) ¢ VROOT(25) ¢MULT(25) ,UAPP(25,3),VAPP(25,3),UKORK
1(26)4VAORK(26),UB(26),VBL26)4UAL26),VAL26) URAPP(25,3) 4 VRAPP{25;,3)
0003 | DATA PNAME, DNAME/2HP{,2HD(/
0004 LOGICAL CONV
0005 COMMON EPSRT,EPSO, EPS, 102, MAX
0006 101=5
0007 1g2=6
0008 EPSRT=0.999
0009 10 NROOT=0
0010 1RCOT=0
0011 IPATH=1
0012 NOMULT=0
0013 NALTER=0
0014 ITIME=0
0015 1APP=]
0016 ITER=]
0017 READ{IO1,1000) NOPOLY NP NAPP,MAX,EPS,EPSO,EPSMyXSTART ) XEND,KCHECK
0018 IF{KCHECK.EQ.1) S¥YOP
0019 KKK=NP#1
0020 READ({I01,1010) {UACL)VA(I};1=1,KKK)
0021 WRITE(102,1020) NOPQOLY,NP
0022 WRITE(102,1035) (PNAMEsIsUALT),VALT)s1=1,KKK])
0023 WRITE(102,2060)
0024 WRITE(102,2000) NAPP
0025 WRITE(I02,2010) MAX
0026 WRITE(102,2020) €PS
0027 WRITE(102,2030) EPSM
0028 WRITE(102,2040}) XSTART
0029 WRITE(ID2,2050) XEND
0030 IF{NP.GT.2) GO TO 15
0031 CALL QUAD(UA,VA,NPUROOT  VROOT , NROQT s MULT  EPSO)
0032 WRITE(102,1037)
0033 WRITE(102,1086) (I1,UROOV(I),VROOT(I} MULT(I},1I=1,NROOT)
0034 GO 10 10
0035 15 IF(NAPP.NE.O) GO TO 20
0036 NAPP=NP
0037 CALL GENAPP{UAPP ;VAPP,NAPP,XSTART)
0038 GO 1o 27
0039 20 READ(101,1030} (UAPP(I,2)sVAPP(I,2},I=1,NAPP)
0040 DO 25 [=1,NAPP
0041 UAPPLT.11=0.9%UAPP( 1,2}

0042 VAPP(191}=0.,9¢VAPPL],2)



0043
0044
0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059

0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074

0075
0076
0077
0078
0079
0080
0081
0082
0083
0084
0085
0086
0087
0088
0089
0090
0091
0092
0093
0094
0095
0096
0097
0098

25
27

30

40

50
60

T0

15

17

80

81

a2

55

151

TABLE C.V (Continued)

UAPPLT ,3)=1,1%UAPP(I,2)

VAPP(I+3)=1,1%VAPP([,2)

KKK=NP+1

DO 30 I=1,KKK

UWORK(I)=UALIL)}

VWORK{ 1) =VAL(])

NWORK=HP

UX1=UAPP(1APP,1)

VX1=VAPP(TAPP,1)

UX2=UAPP(TAPP,2)

VX2=VAPP( [APP,2)

UX3=UAPP{1APP,3)

VX3=VAPP(IAPP,3)

CALL HORNER({NWORK,UWORK s VWORK s UX1sVX1,UB,VBsUPX1,VPXL)
CALL HORNER{NWORK s UNORK ¢ VHORK yUX2o VX2 ,UB,VB,UPX2,VPX2)
CALL HORNER{NWORK s UNORK s VWORK yUX3,VX3,UB,VBUPX3,VPX3}
CALL CALCUUXLyVX1,UX2,VX29UX34VX3pUPX1,VPXLoUPX2¢VPX2,UPX3,VPX3pUX
L4yVX45UQ4sVQ4UH3 4 VH3 )

CALL HORNER(NWORK yUWORK s VWORK s UX4oVX4,UB, VB, UPX4GVPX4)
ABPX4=DSQRT (UPX4*UPX4+VPX4*VPX4)
ABPX3=DSQRT(UPX3*UPX3+VPX3%VPX3)

IF{ABPX3.EQ.0.0) GO TO 70

QQQ=ABPX4/ABPX3

IF{QQQ.LE.10.) GO YO 70

UQ4=0.5%U0Q4

VQ4=0.5*VQ4

UX4=UX3+ { UH3*UQ4—- VH3*VQ4)

VX4=VX3+{VH3I*UQ4+UHI ®VQ4)

GG TO 60

CALL TESTHUX3,VX3,UX4,VX4,CONV}

IF{CONV) GO TO 120

IF(ITER.LT.MAX} GO TO 110

CALL ALTER(UAPP(IAPP,1),VAPPLIAPP, 1), UAPPLIAPP 2} VAPPLIAPP2) 4UAP
LPUIAPP,3) ,VAPP{IAPP,3) ,NALTER,ITIME)

IF(NALTER.GT.5) GO TO 75

ITER=]1

GO Y0 40

IFLIAPP.LT.NAPP) GO TO 100

IF(XEND.EQ.0.0) GO TO 77

IF(XSTART.GT.XEND) GO TO 77

NAPP=NP

CALL GENAPP(UAPP VAPP,NAPP,XSTART)

1APP=0

GO YO 100

WRITE(102,1090)

KKK=NWORK+1

WRITE(102,1035) (ONAMEJoUWORK(JI) s VHORK(J) o d=13KKK)
IF{NROOT.EQ.0) GO TO 90

WRITE(102,1060)

IF(IPATH.EQ.1) GO TO 82

IPATH=2

CALL BEVTER{UA,VA,NP,URDOT,VROOT ,NROOT, URAPP ,VRAPP , IROOT, MULT)
WRITE(102,1200}

IF{NROOT.EQ.01GO TO 90

IF(IRODOT.EQ.0} GO YO 85

WRITE(102,1080)

DO 55 I=1, IROOT

WRITELID2,1085) [,URD0T(1),VROOT{I)oMULT(I),URAPPL],2),VRAPPI],2)}



00992
0100
0101
0102
0103
0104
0105
0106
olLov
0108
0109
o110
0111
0112
0113
0114
0115
0ol16
0117
o118
0119
0120
0121
0122
0123
0124
0125
g126
0127
0128
0129
0130
0131
0132
0133
0134
0135
0136
0137
0138
0139
0140
0141
0142
0143
0l4s
0l45
0l46
0147
0148
0149
0150
0151
0152
0153
0154
0155
0156

85
a7
90

100

120

125

130

140

150

110

1010

1020 FORMAT (1H1,1X,S2HMULLERS METHOD FOR FINDING THE ZERQS OF A POLYNOM

TABLE C.V_ (Continued)

TE{IRO0T LT .NROOT) GO TO 85
GO YO 87

KKK=[ROOT+¢1

WRITEL102,1086) (1,URDOT(I),VROOT (LI}, MULT{ 1), I=KKK, NROOT)
IF(IPATH.EQ.1) GO TO 81

GO O 10

WRITE(I02,1070) NOPOLY

GO TO 10

[APP=1APP+]

ITER=]

NALTER=0

GO TO 40

NROOT=NROQT+1

TROOT=NROOT

MUL T(NROOT) =1
NOMULT=NOMUL T+1

UROOT [NROOT ) =UX4

VROOT (NROOT ) =V X4
URAPP{NROOT, 1}=UAPP{IAPP,1}
VRAPP(NRQOT,1)=VAPP(LAPP,1)
URAPPINROOT 42} =UAPP{TIAPP,2}
VRAPP(NROOT,2) =VAPPL [APP,2)
URAPP(NROQT,3)=UAPPLIAPP,3)
VRAPP(NROQT 3} =VAPP(TAPP,3)
IFINOMULT.LTWNP) GO TO 130
GO TO 80

CALL HORNER (NWORK yUWORK yVWORK ¢UX4 9 VX49UB VB UPX4,VPX4)
NWORK=NWORK~1

KKK=NWORK+1

DO 140 [=1,KKK
UWORK(1)=UB(1)
VWORK{I)=va(1)

CALL HORNER (NWORK ¢ UWORK o VWORK ¢ UX4 g VX4 9 UBy VB UPX4,VPX4)
CCC=DSQRT(UPX4 *UPX4+VPX4*VPX4)
{F{CCC.LT.EPSM} GO YO 150
IF{NWORK.GT.2) GO TO 75
TROOT=NROOT

CALL QUAD(UWDRK,VWORK ¢NWORK,URODOT s VROOT yNROOT . MULT ,EPSO}
GO 7O 80
MULTC(NROOT) =MULT (NROOT) +1
NOMULT=NOMUL T+ ]

G0 TO 125

UX1=UxX2

VX1=VX2

UxX2=Ux3

VX2=VX3

UX3=UX4

VX3=VX4

UPX1=UPX2

VPX1=VPX2

uPx2=UPXx3

VPX2=VPX3

UPX3=UPX4&

VPX3=VPX4

ITER=ITER+]

GO 7O 50

FORMAT (2D30,0)
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0157
0158

0159

0160
9161

0l62
0163
gle4

0165
0166
0167
0l68
0169
o170
0171
0172
0173
0174
0175

TABLE C.V (Continued)

LIALZ1H 41X, 1BHPOLYNOMIAL NUMBER ,12911H OF DEGREE ,12///1H +1X,28H
2THE COEFFICIENTS OF PIX) ARE//)

1030 FORMAT{2D30.0)

1090 FORMAT(///41X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
LZEROS WERE FOUND//)

1080 FORMAT(///1Xy13HROOTS OF P(X} 352X 14HMULTIPLICITIES 17X 421 HINITIAL
1 APPROXIMATION//)

1070 FORMAT(//,43H NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER ,12)

1086 FORMAT(2X,5HRIOT(yI1294H) = +023.1643H ¢ 9D23,1692H 1¢8X,1299Xe23HS
10LVED 8Y DIRECT METHOD)

1037 FORMAT(///+1Xs13HZERDS OF P(X) 51Xy 14HMULTEPLICITIES//)

1035 FORMAT{3XyA2,12¢4H) = 4023,1643H + ,D23,16,2H I) .

1085 FORMAT(2X,5HROOT(,f2,4H) = ,D23.1643H ¢ 4023.,1692H 1,8X,12,8%X,D23,
11643H + ,023.1642H [)

1000 FORMAT(3(I2+1X)e 9%y I1348Xe3(D6.091X)y13Xe2{DT.061X),11}

1060 FORMAT(///35H BEFORE ATTEMPY TO IMPROVE ACCURACY)

1200 FORMAY{///1X,3THAFTER THE ATTEMPT YO IMPROVE ACCURACY)

2000 FORMAT(1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. ,12)

2010 FORMAT(1Xs29HMAXIMUM NUMBER OF ITERATIONS. 11Xo13)

2020 FORMAT(1Xy2LHTEST FOR CONVERGENCE.»13X,09.2)

2030 FORMATC(IXy24HTEST FOR MULTIPLICITIES.,10X,D9.2)

2040 FORMAT(1Xy23HRADIUS VO START SEARCH.11X4D9.2)

2050 FORMAT {1X,21HRADIUS TO END SEARCH.s13X,09.2)

2060 FORMAT(//1X)

END
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TABLE C.V (Continued)

0001 SUBROUTENE ALTERIXLR X1I,X2R X219 X3Ry X3 1, NALTER ITIME)
c e L L T L L P e T T T E L T
C * ’ *
[# * SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO *
c * CONVERGENCE TO A ZERO, THIS 1S DONE A MAXIMUM OF 5 TIMES FOR EACH ROOY, *
[ * &
c Ao ook AR oK A OR ok A A AR R Ao A ok AR A e A AR e o ok e ok ok R R

0002 DOUBLE PRECISION XLIRaX11 ¢X2R X213 X3RoX3I,EPSL,EPS2,EPS3,R,8ETA

0003 COMMON EPS1,EPS2,EPS3,102y MAX

0004 IF(ITIME.NE.O) GO TO §

0005 ITIME=1

0006 WRITE{102,1010) MAX

0007 5 [F{NALTERLEQ.0) GO TO 10

0008 WRITELIO2, 10001 XIR,X1I:X2R9X21:X3R¢X31

0009 60 Y0 20

0010 10 R=DSQRT{X2R*X2R+X2[*¥X21)

0011 BETA=DATAN2(X21I,X2R}

0012 WRITE(I02,1020) X1RyX1T1,X2R ;X2 s X3R,X31

0013 20 NALTER=NALTER+]

0014 IF(NALTER.GT25) RETURN

0015 GO TO (30440,30,40,30),NALTER

0016 30 X2R=-X2R

0017 X21=-X21

0018 60 TO 50

0019 40 BETA=BETA+1.0471976

0020 X2R=R«DCOS{BETA}

gozl X21=R*DSIN{BETA)

0022 50 X1R=0.9%X2R

0023 X11=0.9%X21

0024 X3R=1,1%X2R

0025 X3I=1.1%X21

0026 RE TURN

0027 1000 FORMAT (1Xo5HX1 = ,D23,1643H # ;D23,1642H [410X,22HALTERED APPROXIM

IATIONS/EX95HX2 = 5023,16,53H + ,02341642H I/1Xs5HX3 = 4023,16,3H +
24D023.1642H 17/)

0028 1020 FORMAT{1HO,SHX1 = yD23.16+3H + ,023.16¢2H 1,10X,22HINITIAL APPROXI
IMATIONS/1X,5HX2 = ;023.1643H ¢+ 3D23.16,2H I/1X,5H%X3 = ,023.16,3H +
2 1D23.16:2H 1/} )

0029 1010 FORMATU{///1%X:54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
1TER 13,12H ITERATIONS.//)

0030 END
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TABLE C.V (Continued)

SUBROUTINE GENAPP{APPRAPPI¢NAPP XSTART)

ol
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SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATEONS,
DEGREE OF THE ORIGINAL POLYNOMIAL. ’

WHERE N §S THE

R R RREARFRRAFERERSSEEFERERERR AR LG RERBEXTRRBRBRERRBEEX FEFK

10

20

Y

% & & & &

DOUBLE PRECISION APPR,APPI,XSTART,EPSL.EPS2,EPS3,BETA
DIMENSION APPRI2543)4APPI(25,3)
COMMON EPS1.EPS2,EPS3,102,MAX
IF{XSTART.EQ.0,0) XSTART=0.5
BETA=0.2617994

DO 10 1=1,NAPP
APPR(I,2}=XSTART*DCOS(BETA)
APPI(l,2)=XSTART*OSIN(BETA}
BETA=BETA+0.5235988
XSTART=XSTART+0.5

DO 20 I=1,NAPP

APPRIUI 1) =0.9%APPRII 2}
APPI(T+1)=0.9%APPI([,42)
APPRII31=1.1%APPRII+2)
APPI{1,3)=1.1%APPI{1,2)

RETURN

END



0001

0002

0003
0004

0005
0006
0007
0008
0009
0010
0011
0012
0013
00le
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026

0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045

OO0 On

*
L
*
*

L
»

10

20

30

33

34
35

40

156

TABLE C.V (Continued)

SUBROUTINE BETTERTUA » VA, NP, UROOT ; VROOT s NROOT ;URAPP ; VRAPP , IROOT 5 MUL
1T}
% LRI 223 2 222222t ok SR RFBRERKE . .

SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND
BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER'S METHOD APPLIED TO

&
%
*®
* THE FULL,; UNDEFLATED POLYNOMIAL. *
»
*

REEREEREREERPRRREEFEEREERRERREERBRERERFRERAER R SRR ARG SRR R RERPEERERNERRR LR
DOUBLE PRECISION URDOY,VROOT¢UAs VAsUBAPP ,VBAPP UXLyVX1oUX2,VX2,UX3
Lo VX3 4UPXLsVPX1 ,UPX2y VPX2 ¢UPX3 g VPX3 4UB VB UROOTSy VROOT S EPSRT ,UX4 4V
2X44 URAPP ¢ VRAPP ¢EPSO+EPS 9UQ4 ¢ VQ4 s UH3 4 VHI

LOGICAL CONV

DIMENSION UROOT(25) ,YROOT(25) yUAL(26)¢VAL26) 4 UBAPPL25,3) ,VBAPP(25,3
10,UBL26),VB(26),URO0YS(25) s VRODTS(25) yURAPP{25,3) yVRAPP (25,3, MULT
3(25)

COMMON EPSRT,EPSO,EPS,102,MAX

IFINROOT.LE1) RETURN

L=0

DO 10 I=1,NROOT

UBAPPLI,1)=UR00OT {1 )*EPSRT

VBAPP{41)=VROOT(I}*EPSRY

UBAPP{1,2)=URDOT (I}

VBAPP{1,2)=VROOT (I}

UBAPP{1,43)=URDOT(1)*{2,0-EPSRT)

VBAPP{I43)=VROOT(1}*{2,0~-EPSRT}

DO 100 J=1,NROOT

UX1=UBAPP(J,1)

"VK1=VBAPP{J, 1)

UX2=UBAPP(J,2)

VX2=VBAPP( J,2)

UX3=UBAPP(J,3)

VX3=VBAPPJ,3}

ITER=]

CALL HORNER{NPsUA;VAyUXLoVX14UBsVB,UPXL,VPX1)

CALL HORNER(INPUAs VA UX2,VX24UBsVB,UPX2,VPX2)

CALL HORNER(INP ¢UAyVAUX3,VX3,UByVB,UPX3,VPX3)

CALL CALCIUXT VXEoUX2,VX2;UX3,VX34UPXLsVPXLoUPX2,VPX2,UPX3,VPX3,UX
L49VX4yUQ4sVQ4yUH3 ,VH3)

CALL TESTIUX3,VX3,UX4,VX4,CONV)

IF(CONV} GO TO 50

IF(ITER.LT.NAX) GO TO 40

WRITE{ 102,1000) J,UROOT{J)VROOT{J}yMAX

WRITE(102,1010) UX4,VX4

IF(J.LTLIRDOT) GO TO 33

IF{J.EQ. IROOT) GO TO 35

GO 7O 100

KKK=]ROODV~1

DO 34 K=JeKKK

URAPP(K o 1)=URAPP{K+1,1)

VRAPP (Ko 1)=VRAPP(K+1l,1)

URAPP(Ky2)=URAPP(K#1,2)

VRAPP{Ky2)=VRAPPIK+1,2)

URAPP(K:3)=URAPP(K+1,31}

VRAPP{K¢3)=VRAPP{K+] 43}
1RO0OT=IROOT~1

G0 TO 100

Ux1=ux2
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TABLE C.V (Continued)

VX1=VX2

UX2=UX3

VX2=VX3

UX3=UX4

VX3=VX4

UPX1=UPx2
VPX1=VPX2
UPX2=UPX3
VPX2=VPX3
ITER=ITER+]

GO TO 20

L=L+1
URDOTS (L) =UX4
VROOTSIL)=VX4
MULTIL)=MULT{J)
CONTINUE
IF(L.EQ.0) GO TO 120
00 110 I=1,L
URGOT (1) =URCOTSLT)
VROOT(1}=VROOTS(})
NROOT=L

RETURN

NROOT=0

RETURN

1000 FORMAT(///742H IN THE ATTEMPT TO INPROVE ACCURACYy ROOV(,12,4H) = ,
D23.1693H + ,D23,16,2H [/24H DID NOT CONVERGE AFTER ,13,11H ITERAT
2I0ONS §

1

1010 FORMAT(30H THE PRESENT APPROXIMATION IS

1/

END

eD23,1693H + 4D23.1642H 1/
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TABLE C.V (Continued)

SUBROUTINE CALCULUX1 aVX1UX2,VX2,UX3 VX3 ,UPXLoVPXLUPX2,VPX2,UPX3,V
1P X3, UX6y VX4 UQ4s VA4, UH3,VH3)

R pgrkkRarkEiob kil kokkkk fokiokRrk
*

* GIVEN THREE APPROXIMATIONS X{N-2}, X{(N-1), AND X{N), SUBROUTINE CALC
* APPROXIMATES THE POLYNOMIAL BY A QUADRATIC AND SOLVES FOR THE ZEROD OF

¥ THE QUADRATIC CLOSEST TO X
* X{N+1) TO THE ZERO OF THE
*

L2 22222 23 P 222222222222 iRt e R 222 R R SRt RS TIE2E EET L 2]

DOUBLE PRECISION ARG1l,ARG2
DOUBLE PRECISION UPX3,VPX3
1VPX1,UH3,VH3 JUH2 ,VH2 ,UQ3,yV
2CC,UDENL » VOENL , UDEN2 o VOEN2
3D ,AAA.BBB,RAD,UAAA,VAAA,UB
DOUBLE PRECISION THETA,ANG
COMMON EPSRT,EPSO,EPS,102,
UH3=UX3-Ux2

VH3=V¥X3-VX2

UH2=UX2-UX1

VH2=VX2-VX1

BBB=UH2*UH2 +VH2%*VH2
UQ3={UH3*UH2+VH3I*VH2 } /BBS
VQ3={VH3*UH2~-UH3I*VH2)/BB8
ubDD=1 .0 +UQ3

vonD=vQ3
UD={UPX 3~ (UDDD#*UPX2-VDDD*V
VD={ VPX3~{VDODD*UPX2+UDDD*V
UAAA=2,0%UQ3

VAAA=2,0%VQ3

UAAA=UAAA+L.D
uBBB=UDDD*UDDD~-VDDD*VDDD
Vv888=vVDDD*UDDD+UDDD*VDDD
UCCC=UQ3*UQ3-vQ3#VQ3
VCCC=VQ3*UQ3+UQ3*VQ3

UB={ {UAAAXUPX3I-VAAARYPX3 )~
1PX1}

VB={ (VAAA*UP X3 +UAAARYPX3 )~
1PX1)

UC=UDDD*UP X3~VDDD*VPX3
VC=VDDD*UPX3+UDDD*VP X3

REREERERERREREEEEERERR SR B R RE XKL *%
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(N}o THIS ZERO IS THE NEW APPROXIMATION
POLYNOMIAL .

yUPX2 o VPX2 9 UX L o VX1 UUX2,VX2,UX3,VX3,UPXL,
Q3,UD,VD,UB,VB,UC,VC UDISC,VDISC,UCCC,VC
sUQ4s VQ41UX4s VX4 EPSRT L EPSO,EPS,UDDD, VDD
BB,vB88

LEyUTESTVTEST

MAX

PX21)+(UQ3*UPX1-VQI*VPXL)
PX23)+{VQ3*UPX1+UQ3*VPX])

{UBBB*UPX2-VBBB#VPX2) M+ (UCCCH*UPX1-VCCCHY

(VBBB*UPX2+UBBB*VPX2) ) ¢+ (VCCC*UPXL+UCCC*Y

UDISC=(UB*UB-VB*VB)-(4.0%(UD*UC-VD*V(C))

VDISC=(2.0%{VB*UB) ) -(4.0%(

VD*UC+UD*VC) )

AAA=DSQRT(UDISC*UDISC+VDISC*VDISC)

IF{AAALEQ.0.0) GO TO S
GO Y0 7

5 THETA=0.0
GO 10 9

7 THETA=DATAN2{VDISC,UDISC)

9 RAD=DSQRT{AAA)
ANGLE=THETA/2.0
UTEST=RAD#*0COS (ANGLE )
VTEST=RAD*DS IN(ANGLE)
UDEN1=UB+UTEST
VDEN1=VB+VTESY
UDEN2=UB-UTESY
VDEN2=VB~VTEST

ARG1=UDENL*UDENL +VDEN1*VDENL

®
&
¥
¥
%
*
®
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TABLE C.V (Continued)

ARGZ=UDEN2*UDEN24+VDEN2#*VDEN2
AAA=DSQRT (ARGL )

BBB=DSQRT(ARG2}

IF(AAA.LT.BBB) GO YO 10
IF{AAA.EQ.0.0) GO TO 60
UAAA=-2,0%UC

VAAA=-2.0*VC
UQ4={UAAA®UDENL+VAAA*YDENL ) /ARGL
VQ4={VAAA*UDEN]I~UAAA®VDENL } /ARGL
GO 70 50

IF(BBB.EQ.0.0} GO TO 60
UAAA=-2,0%UC

VAAA=~2,0%VC
UQ4={UAAA*UDEN2+VAAA*VDEN2) /ARG2
VQ4={VAAAXUDEN2-UAAASVDEN2 )/ ARG2
GO TO 50

UX4=UX3+ (UH3*UQ4~VH3I*VQ4)

VX4=VX 3+ { VH3%UQ4+UH3 *VQ4 )

RETURN

UQ4=1.0

VQ4=0.0

G0 TO 50

END
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TABLE C.V (Continued)

SUBROUTINE TEST(UX3 ,VX3,UX4&,VX4,CONV)
FRERREFEEREFR KRR SR RS R LA ERERRRE RS AR RRREERRSE R AR R IA R RB KRR SRR E R G R B R EA KRR
* ®
* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- *
* IMATIONS BY VESTING THE EXPRESSION L
* ABSOLUTE VALUE DOF (X{Ne¢1)=-X(N))/ABSOLUTE VALUE OF X{N+1), »
* WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS DBTAINED. *
* &
FRERREEARERRRERR R R EARERRBR SRR ER KRR R AR R ER S LR RN G R AR RE IR RERERR B R SRR AR ERAR ARG
DOUBLE PRECISION UX3oVX3,UX4yVX4,EPSRT+EPSOEPSoAAA UDUMMY , VDUMNY 4
1DENOM
LOGICAL CONvV
COMMON EPSRT,EPSO¢EPSy 1020 MAX
UDUMMY =UX4-UX3
VOUMMY =V X4-~VX3
AAA=DSQRT (UDUMMY *UDUMMY +VOURMY*VOUMMY }
DENOM=DSQRT { UX4*UX4+ VX4%VX4)
IF(DENOM.LT.EPSO) GO TO 20
IF(AAA/DENOMLLT LEPS) GO T0 1o
5 CONV=,FALSE,.
GO 10 100
10 CONV=,TRUE.
60 10 100
20 IF(AAALLT.EPSO) GO.TO 10
60 70 5
100 RETURN
END

SUBROUT INE HORNER(NAsUA,VA,UX,VXsUB,VB,UPX,VPX)
SRERRERREE RN AR R R RRERRER R RS SRS AR BEERERREA K ERR R R R AR R KL SRR R R LA R KRk F
* *
* HORNER®S METHOO COMPUTES THE VALUE OF THE POLYNOMIAL P(X) AT A POINT D, *
* SYNTHETIC DIVISION IS USED TO DEFLATE THE POLYNOMIAL BY DIVIDING OUY THE #
# FACTOR {X~D).

#

t*#**t*t#t*#t#t##*##*#t****#ttt*#t#***tl#tt'#t*#t#tt*t**##*#*t*tt#*t*t#*tttt

DOUBLE PRECISION UXoVXsUPXoVPX,UBsVBsUAGVA

DIMENSION UAL26),VAL26},UBL26),VB{26)

uB(1i=UA(L)

VBLL)=VA{1]}

NUM=NA+]

DO 10 I=2,NUM

UBLTI=UVALT)+{UB(I-1)>UX-VB{L-1)*VX)
10 vBLI}=VALI)+(VB{I-1}2UX+UBLI-1)%VX)

UPX=UB (NUM}

VPX=VBINUM}

RETURN

END
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TABLE C.V (Continued)

SUBROUT INE QUADIUA s VA oNA UROOT, VRODT 4 NROOT o KULTILEPST)

161

RERERRRRRRSER BB SRR RRGRRE R ERREERRBERER A SRR AR RS BRRE R BER RS XK SR SRR SRS Rk k

*

% SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE

*
%
L4

10

50

QUADRATIC 1S DONE USING THE QUADRATIC FORMULA.

1Y s VDUMMY s ROUMMY  SOUMMY, EPST,UBBB,VBBB
DIMENSION UA(26) sVA(26),URDODTE25),VROOT(25) 4 MULTIL25)
IF({NA.EQ.2) GO TO 7

IF(NAL.EQ.)) GO TO 5

URDOT(NROOY#+1)=0,0

VROOT{NROOT +1}=0.0

MULTI(NROOT+1)=1

NROOT=NROOT+)

GO TO 50

BBB=UA(L)*UA(L1)+VA(L)*VALL)

URQOT (NROOT+1I=(~UA(2)*UA({LI-VA(21*VA(1})/BB8B
VROOT (NROOT+1)=(-VA(2)%UA(L)+UAL2)*VA(L))/BBS
MULTI(NRQOT#1)=1

NROOT=NROOT +1

GQ TO 50 .
UDISC={UAL21*UAL2)-VA(2)¥VAL2) )} ~{4. 0% {UALL)*UAL3}-VALL)*VAL3) )}
VDISC=(VA(2)%UAL2)+UA12)*VAI2) )~ {4, 0%(VALL)*UALZ)¢UAL L) *VA(3)))
BB8B=DSQRTI{UDISC*UDISC+VDISC*VDISC)
IF{BBB.LT.EPST} GO YO 10

CALL COMSQT(UDISC,VDISC,UDUMMY, VDUMMY)
UBBB=-UA{2) +UDUMMY

VBBB=-~VA(2) +VDUMMY

RDUMMY=~UA(2)~UDUMMY

SDUMMY=-VA(2)~VDUMMY

UAAA=2.0%UA{1)

VAAA=2.0%VA(])

BBB=UAAAXUAAA+VAAARVAAA

URCOT(NROOT+1) ={UBBB*UAAA+VBBB*VAAA}/BBB
VROOTINROOT+1)={VBBB#UAAA-UBBB*VAAA) /BBB
URDOT {NROOT +2) = (RDUMMY*UAAA+SDUMMY #VAAA) /BBB
VROOT(NROOT+2) =(SDUMHMY*UAAA-ROUMMY*VAAA}/B8B8
MULTI(NRDOT+1)=1

MULTT(NROOT+2)=1

NRUOT=NROOT+2

G0 10 50

UAAA=2.0%UAL(L)

VAAA=2.0%VALL}

BBB=UAAARXUAAA+VAAAFVAAA

URODOT(NROOT +1}=(~UA(2)*UAAA-VA(2)*VAAA}/BBSB
VROOT(NROOT+1)=(~VA{2) *UAAA+UA(2) *VAAA)} /BBB
MULTI{NROOT+1}=2

NROOT=NROOT +1

RETURN

END

HEREREREEKERRERET R RERRERE R THRERERAERRRE RN ARG RERER R F R h e dh Xk SR bk
DOUBLE PRECISION UA,VA,URDO0T,VROOT,BBB,UAAA; VAAA,UDISC,VDISCy UDUNN

#
*
L4
*
*
¥
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TABLE C.V (Cantinued)

SUBROUTINE COMSQT (UX, VXeUY,VY)

ET Y

SHERESREEEGRRERRE P RRH
’ &

% THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER. &

*

Fhkbkkrb kiR kkd kR ikER SkbEkk
DOUBLE PRECISION UXqVXoUY,VY,DUMMY,R;AAA, BBS
R=DSQRT{UXEUX+ VXEVX)

AAA=DSQRT {DABS L{R+UX)/2.0)}
BBB=DSQRT{DABS {{R-UX}/72.0})

10

20
30

40

50

60

100

IF{VYX) 10,20.30
UY=AAA
VY=-1,0%888

G0 TO 100
EF(UX) 40+50,60
UY=AAA

VyY=B8B

G0 TO 100
DUNMY=DABS(UX)
Ur=0.,0

VY=DSQRT (DUMNY }
GO TO 100
uY=0.0

VY=0.0

GO TD 100
DUMMY=DABS (UX})
UY=DSQRT { DUMMY}
VY=0.0

RETURN

END

*
LR 2122 LA RIS e L2222 22T s



APPENDIX D

SPECIAL FEATURES OF THE G.C.D. AND
THE REPEATED G.C.D. PROGRAMS
Several special features have been provided in each program as an
aid to the user and to ilmprove accuracy of the results. These are

*
explained and illustrated below.
1, Generating Approximations

If the user does not have initial approximatiens available, sub-
routine GENAPP can systematically generate, for an Nth degree polynomial,
N initial approximations of increasing magnitude, beginning with the
magnitude specified by XSTART. If XSTART is 0., %XSTART is automatically
initialized to 0.5 to avoid the approximation 0. + 0.i. The approxima-

tions are generated according to the formula:
X, = (XSTART + 0.5K) (Cos 8 + i Sin B)

where

I L
B=Tgt K%

To accomplish this, the user defines the number of initial approximations

to be read (NAPP) on the control card to be zero (0) or these columns

*These illustrations are representative of G.C.D.-Newton's method
in double precision. Control cards for other methods should be prepared
accordingly.
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(7-8) may be left blank. If XSTART is left blank, it is interpreted as
0.

For example, a portion of a control card which generates initial
approximations beginning at the origin for a seventh degree polynomial

is shown in Example D.1.

r——Varlable Name
Card Columns
6 7 7 7 ts]

12 4 5 7 8 4 0 2 8 0
N
0] N
P N A XSTART
0 P P
L P
Y
1 7

{iExample
Example D.1

The approximations are generated in a spiral configuration as illustrated
in Figure A.1l.

Example D.2 shows a portion of a control card which generates
initial approximations beginning at a magnitude of 25.0 for a sixth

degree polynomial.
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6 7 7 71 18

1 2 4 5 7 8 4 o 2’ 8] 10

N

0 N

P N A XSTART

0 P P

L P

Y

2 6 2.5D+01

Example D.2

Note that if the approximations are generated beginning at the
origin, the order in which the roots are found will probably be of
increasing magnitude. Roots obtained in this way are usually more

accurate.
2. Altering Approximations

If an initial approximation, XO, does not produce convergence to a
root within the maximum number of iterations, it is systematically
altered a maximum of five times until convergence is possibly obtained

according to the following formulas:

If the number of the alteration is odd: (j = 1,3)

Xj+l = ]XOI (Cos B + i Sin B) where
Im X
8 = Tan " Eé—-ig+K%;K=lifj—l
0 K=2i1if j = 3,

If the number of the alteration is even: (j = 0,2,4)



166

Each altered approximation is then taken as a starting approximation.
If none of the six starting approximations produce convergence, the
next initial approximation is taken, and the process repeated. The
six approximations are spaced 60 degrees apart on a circle of radius

]XOl centered at the origin as illustrated in Figure A.2.
3. Searching the Complex Plane

By use of initial approximations and the altering technique, any
region of the complex plane in the form of an annulus centered at the
origin can be searched for roots. This procedure can be accomplished
in two ways.

The first way is more versatile but requires more effort on the
part of the user. Specifically selected initial approximation can be
used to define particular regions to be searched. For example, if the
roots of a particular polynomial are known to have magnitudes betweén
20 and 40 an annulus of inner radius 20 and outer radius 40 could be
searched by using the initial approximations 20. + i, 23. + i, 26. + i,
29, + i, 32. + i, 35. + i, 38. + i, 40. + 1.

By generating initial approximations internally, the program can
search an annulus centered at the origin of inner radius XSTART and
outer radius XEND. Values for XSTART and XEND are supplied on the
control card by the user. Example D.3 shows a portion of a control

card to search the above annulus of inner radius 20.0 and outer radius

40.00
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) 7l 17 7] |8

12) |45 7 8 4 0} 12 8110

N

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 2.0D+01 4.0D+01

Example D.3

Note that since not less than N initial approximations can be
generated at one time, the outer radius of the annulus actually searched
may be greater than XEND but not greater than XEND + .5N.

Example D.4 shows a control card to search a circle of radius 15.

6 71 17 7] 18

12| 45| j78 4 ol |2 8l 1o

N

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 1.5D+01

Example D.4
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Figure A.3 shows the distribution of initial and altered approxi-

mations for an annulus of width 2 and inner radius a.
4, Improving Zeros Found

After the zeros of a polynomial are found, they are printed under
the heading "Roots of Q(X)." They are then used as initial approxima-
tions with Newton's (Muller's) method applied each time to the full
(undeflated) polynomial Q(X), which contains only distinct roots. 1In
most cases, zeros that have lost accuracy due to roundoff error in the
deflation process are improved. The improved zeros are then printed
under the heading "Roots of P(X)." Since each root is used as an
approximation to the original (undeflated) polynomial Q(X), it is
possible that the root may converge to an entirely different root.
This is especially true where several zeros are close together.
Therefore, the user should check both lists of zeros to determine

whether or not this has occurred.
5. Solving Quadratic Polynomial

After N~2 roots of an Nth degree polynomial have been extracted,
the remaining quadratic, aX2 + bX + ¢, is solved using the quadratic
formula

-b + v/gz - 4ac

2a

X ==

for the two remaining roots. These are indicated by the words '"Results
of Subroutine QUAD" in the initial approximation column. If only a
polynomial of degree 1 is to be solved, the solution is found directly

as (X - C) = 0 implies X = C.
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6. Missing Roots

If not all N roots of an Nth degree polynomial are found, the
coefficients of the remaining deflated polynomial are printed under the
heading "Coefficients of Deflated Polynomial For Which No Zeros Were
Found." The user may then work with this polynomial in an attempt to
find the remaining roots. The leading coefficient (coefficient of the

highest degree term) will be printed first (Exhibit 6.11)
7. Miscellaneous

By using various combinations of values for NAPP, XSTART, and
XEND, the user has several options available as illustrated below.

Example D.5 shows the control card for a seventh degree polynomial.
Three initial approximations are supplied by the user. At most three
roots will be found and the coefficients of the remaining deflated

polynomial will be printed.

6 7] AE

12| sl i78 4 ol b2 8] 1o
N

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 3

Example D.5
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Note that if several roots are known to the user, they may be
"divided out" of the original polynomial by using this procedure.

Example D.6 indicates that 2 initial approximations are supplied
by the user to a 7th degree polynomial. After these approximations
are used the circle of radius 15 will be searched for the remaining

roots.

6 7 7 71 I8

12| 45 7.8 4 ol 42 S0

N

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 2 1.5D+01

Example D.6

By defining XSTART between 0. and 15. an annulus instead of the

circle will be searched.



APPENDIX E
G.C.D. — NEWION'S METHOD
1, Use of the Program

A double precision FORTRAN IV program using the G.C.D. method
with Newton's method as a supporting method is presented here. Flow
charts for this program are given in Figure E.6 while Table E.VII gives
a FORTRAN IV listing of this program. Single precision wvariables are
listed in some of the tables. The simple precision variables are used
in the flow charts and the corresponding double precision variables can
be obtained from the appropriate tables.

This program is designed to solve polynomials having degree less
than or equal to 25. In order to .solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Talbe E.I must
be changed.

In this program both the leading coefficient and the constant

coefficient are assumed to be non-zero.
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TABLE E.I

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY G.C,D., - NEWION'S METHOD

Main Program

Data Entry/l1H1,1H2,...,1H9,2H10,2H11,...,2HXX/where XX = N+l
UP(N+1), VP(N+1)
UAPP(N), VAPP(N)
UROOT(N), VROOT(N)
MULT (N)

UDP (N+1) , VDP (N+1)
UD(N+1), VD(N+1)
UQ(N+1) , VQ{N+1)
UQQ(N+1) , VQQ(N+1)
UAP(N), VAP(N)
UQD(N+1), VQD(N+1)
ENTRY (N+1)

UROOTS (N), VROOTS (N)

Subroutine GENAPP
APPR(N), APPI(N)
Subroutine GCD
UR(N+1), VR(N+1)
US(N+1), VS(N+1)
USS(N+1), VSS(N+1)
URR(N+1), VRR(N+1)
UT(N+1), VI(N+1)
Subroutine QUAD
UA(NHL) , VA(N+1)
UROOT(N), VROOT(N)
MULT (N)
Subroutine NEWTON

UP (N+1), VP(N+1)
UB(N+1), VB(N+1)

Subroutine DIVIDE
UP (N+1), VP (N+1)

UD(N+1), VD(N+L)
UQ(N+1), VQ(N+1)
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TABLE E.I (Continued)

Subroutine HORNER

UP (N+1) , VP (N+1)
UB(N+1), VB(N+1)

Subroutine DERIV

UP (N+1), VP (N+1)
UA(N+L) , VA(N+1)

Subroutine MULTI
UP(N+1), VP(N+1)
UROOT(N), VROOT(N)
UVA(N+1), VA(N+1)

UB(N+1), VB(N+1)
MULT (N)

2. Input Data for G.C.D. - Newton's Method

The input data for G.C.D. - Newton's method is grouped into
polynomial data sets. Each polynomial data set consists of the data
for one and only one polynomial. As many polynomials as the user
desires may be solved by placing the polynomial data sets one behind
the other. Each polynomial data set consists of three kinds of infor-

mation placed in the following order:

1. Control information,
2, Coefficients of the polynomial.
3. Initial approximations. These may be omitted as

described in Appendix D, § 1.

An end card follows the entire collection of data sets. It indicates

that there is no more data to follow and terminates execution of the
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program. This information is displayed in Figure E.l and described
below. All data should be right justified and the D-type specification
should be used. The recommendations given in Table E.Il are those
found to give best results on the IBM 360/50 computer which has a 32

bit word.

Control Information

The control card is the first card of the polynomial data set and

contains:the information given in Table E.II. See Figure E.2.

TABLE E.II

CONTROL DATA FOR G.C.D. - NEWION'S METHOD

Variable Name Card Columns Description
NOPOLY c.c, 1-2 Number of the polynomial.
Integer.

Right justified.

NP ¢.c. 4-5 Degree of the polynomial.
Integer.
Right justified.

NAPP c.c. 7-8 Number of initial approximations
to be read.
Integer.
Right justified.
If no initial approximations are
given, leave blank.

MAX c.c. 19-21 Maximum number of iteratioms.
Integer.
Right justified.
200 is recommended.

EPS1 c.c. 23-28 Test for zero in subroutine GCD.
Double precision.
Right justify.
1.D-03 is recommended.
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TABLE E.II (Continued)

Variable Name Card Columns Description
EPS2 C.Cos 30-35 Convergence requirement.

Double precision.
Right justify.
1.D~-10 is recommended.

EPS3 c.c., 37-42 Test for zero in subroutine QUAD.
Double precision.
Right justify.
1.D-20 is recommended.

EPS4 c.cs 44-49 Multiplicity requirement.
Double precisionm.
Right justify.
1.D-02 is recommended.

XSTART c.c. 64-70 Magnitude at which to begin
generating initial approximations.
Double precision.
Right justify.
This is a special feature of the
program and may be omitted.

XEND c.c. 72-78 Magnitude at which to end the
generating of initial
approximations.

Double precision.

Right justify.

This is a special feature of the
program and may be omitted.

KCHECK c.c. 80 This should be left blank.

Coefficients of the Polynomial

The coefficient cards follow the control card. For an Nth degree
polynomial, N+l coefficients must .be entered one per card. The
coefficient of the highest degree term is entered first; that is, the
leading coefficient is entered first. For example, if the polynomial

X5 + 3X4 + 2X + 5 were to be solved for its zeros, the order in which
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the coefficilents would be entered is: 1, 3, 0, 0, 2, 5. Each real
or complex coefficient is entered, one per card, as described in

Table E.III and illustrated in Figure E.3.

TABLE E.III

COEFFICIENT DATA FOR G.C.D. — NEWTON'S METHOD

Variable Name Card Columns  Description
UP (P in single precision) c.c, 1-30 Real part of complex
coefficient.

Double precision.

Right justify.

If none, leave blank or enter
0.0D00.

VP (P in single precision) c.c. 31-60 Imaginary part of complex
coefficient.
Double precision.
Right justify.
If none, leave blank or enter
0.0D0O0.

Initial Approximations

The initial approximation cards follow the set of coefficient
cards. The number of initial approximations read must be the number
specified on the control card and are entered, one per card, as given

in Table E.IV and illustrated in Figure E.4.
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TABLE E.IV

INITIAL APPROXIMATION DATA FOR G.C.D. — NEWTON'S METHOD

Variable Name Card Columns “Description
UAPP (APP in single ¢c.c. 1-30 Real part of complex number.
precision) Double precision.

Right justify.
If none, leave blank or
enter 0.0D0O.
VAPP (APP in single c.c., 31-60 Imaginary part of complex
precision) number.
Double precision.
Right justify.
If none, leave blank or
enter 0.0D0O.

End Card

The end card is the last card of the input data to the program.
It indicates that there is no more data to be read. When this card is
read, program execution is terminated. This card is described in

Table E.V and illustrated in Figure E.5.

TABLE E.V

DATA TO END EXECUTION OF G.C.D. - NEWTON'S METHOD

Variable Name Card Column Description

KCHECK c.c. 80 Must contain the number 1.
Integer.
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3. Variables Used in G.C.D. ~ Newton's Method

The definitions of the major variables used in G.C.D. - Newton's
method are given in Table E.VI. The symbols used to indicate type

are:

R = real variable

I - integer variable
D - double precision
C - complex variable
L - logical variable

A - alphanumeric variable

When two variables are listed, the one on the left is the real part of
the corresponding single precision complex variable; the one on the right

is the imaginary part. The symbols used to indicate disposition are:

E - entered
R - returned

ECR

entered, changed, and returned

(@}
1

variable in common
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End Cord

("Control Gard |
Init, Approx, Cavdk

oefficient Covd&

('Control Card

Figure E,1. Sequence of Input Data for G.C.D.-Newton's Method
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4, Description of Program Output

The output from G.C.D. - Newton's method consists of the following
information.

The heading is "GREATEST COMMON DIVISOR METHOD USED WITH NEWTON'S
METHOD TO FIND ZEROS OF POLYNOMIALS NUMBER XX." XX represents the number
of the polynomial.

As an aid to ensure that the control information is correct, the
number of initial approximations given, maximum number of iterations,
test for zero in subroutine GCD, test for convergence, test for zero in
subroutine QUAD, test for multiplicities, radius to start search, and
radius to end search are printed as read from the control card.

The coefficients of tﬁe polynomial are printed under the heading
"THE DEGREE OF P(X) IS XX THE COEFFICIENTS ARE." XX represents the
degree of the polynomial. The coefficient of the highest degree term
is printed first,

The polynomial obtained after dividing the original polynomial,
P(X), by the greatest common divisor of P(X) and its derivative, P'(X),
is printed under the heading "Q(X) IS THE POLYNOMIAL WHICH HAS AS ITS
ROOTS THE DISTINCT ROOTS OF P(X). THE DEGREE OF Q(X) IS XX THE
COEFFICIENTS ARE." XX represents the degree of this polynomial. This
polynomial contains all distinct roots and is solved by Newton's
method. The coefficient of the highest degree term is printed first;
that is, the leading coefficient is printed first.

The zeros found before the attempt to improve accuracy are printed
under the heading '"ROOTS OF Q(X)."

The initial approximation producing convergence to a root is
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printed to the right of the corresponding root and headed by "INITIAL
"APPROXIMATION." The initial approximations may be those supplied by
the user, or generated by the program or a combination of both. The’
message "RESULTS OF SUBROUTINE QUAD" indicates that the corresponding
root was obtained by subroutine QUAD. See Appendix D, § 5,

The zeros found after the attempt to improve accuracy are printed
under the heading "ROOTS OF P(X)." The corresponding initial approxima-
tion producing convergence is printed as described above.

The multiplicity of each zero is given under the title

'"MULTIPLICITIES."
5. Informative Messages and Error Messages

The output may contain informative or error messages. These are
intended as an aid to the user and are described as follows.

If not all roots of a polynomial were found before the attempt
to improve accuracy; the remaining unsolved polynomial will be
printed, with the leading coefficient first, under the heading
"COEFFICLENTS OF DEFLATED POLYNOMIAL FOR WHICH NO ZEROS WERE FOUND."
See Appendix D, § 6.

""NO ROOTS FOR INITIAL APPROXIMATION ROOT XX = YYY.'" This message
is printed if a root fails to produce convergence when trying to improve
accuracy. XX represents the number of the root and YYY represents. the
value of the root before the attempt to improve accuracy.

'"NO ROOTS FOR THE POLYNOMIAL Q(X) OF DEGREE XX WITH GENERATED
INITIAL APPROXIMATIONS." XX represents the degree of the polynomial
Q(X). This message is printed if none of the roots produce convergence

in the attempt to improve accuracy.
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"THE EPSILON (XXX) CHECK IN SUBROUTINE MULTI INDICATES THAT ROOT
YY = ZZZ IS NOT CLOSE ENOUGH TO BE A TRUE ROOT. IT IS PRINTED BELOW
WITH MULTIPLICITY 0.'" XXX represents the multiplicity requirement
(EPS4 on the control card), YY represents the number of the root, and
ZZZ represents the value of the root after the attempt to improve
accuracy. The message indicates that  this root does not meet the
requirement for multiplicities. It is, however, usually a good
approximation to the true root since convergence was obtained both

before and after the attempt to improve accuracy.
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0002
0003
0004

0005
0006
0007
0008

0009
col10
0011
0012
0013
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0015
Q016
0017
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0021
0022
0023
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0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039

oo n0

200

TABLE E.VII

PROGRAM FOR G.C.D.-NEWLON'S METHOD

AR R R R R AR RN RFRE TR RS TR R SRR ERREREERE RS RRR G E B RS TR Rk rhdk R p Rk

DOUBLE PRECISION PROGRAM FOR GaCeD. - NEWTON®S METHOD

* #*
* *
* &
* *
% THE G.C.D. METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A *
* POLYNOMTAL OF MAXIMUM DEGREE 25, ALL MULTIPLE ROOTS ARE REMOVED BY *
* DIVIDING THE POLYNOMIAL BY THE GREATEST COMMON DIVISOR OF THE POLYNOMIAL *
# AND ITS DERIVATIVE, THE ZEROS OF THE RESULTYING POLYNOMIAL ARE EXTRACTED *
* AND THEIR MULTIPLICITIES DETERMINED. *
* *
*® &

0 o e o A o ok e ol o oo e e o o ok K ok o ke e o ok e o e o o e e o e ol ok e s oo kol ol ok R e ok ok o e e e ook e ok ke
DOUBLE PRECISION UP,VP,UAPP,VAPP,URDOT,VROOT,UDP,VDP,UD,VD,UZRO,V2
LRG,UQIVQ,UDUMMY,, VDUMMY ,UQQ, VQQy UAP,VAP,,UQD,VQD,UROCT S, VROOTS, EPS],
2EPS24,EPS3,EPSS
DOUBLE PRECISION XSTART
DOUBLE PRECISION XEND
DIMENSION UP(26),VP{26),UAPP(25),VAPPI25),UR00T(25),VROOT {25} MULT
1{251,UDP(26),VDP(26},UD(26),VD126),UQ(26),VQA126),UQQ(26),VQQL26) 4V
2AP{25) 4 VAP(25),UQD{(26},VQD(26) 4 ANAME(2) ENTRY(26),URQQOTS(251},VROOT
35(25)
COMMON EPS1,EPS2,EPS3,EPS4,102,MAX
LOGICAL NEWT,CONV
DATA PNAME,QNAME,QQNAME/2HP(,2HQ(,3HQQ(/
DATA ENTRY/1HLy1H231H3,1H4y 1H5, 1H6, 1HT¢ 1HB, 1 HI4y 2H10, 2H1 14 2H12,2H13
192H14,2H15,2H1692H1T52H18,2H1992H20,2H21 +2H22,2H23,2H24,2H25,2H26/
DATA ANAME( 1), ANAME (2} /4HNEWTy4HONS /
101=5
102=6
10 J=0
ITIME=D
READ{101,1000) NOPOLY NP yNAPP  MAX,EPSLEPS2:EPSI EPS4+XSTART,XEND,
1KCHECK
IFIKCHECK.EQ.1) STOP
WRITE({I02,1020) ANAME{1l),ANAME{2) :NOPOLY
WRITE{102,2000) NAPP
WRITE{102,2010) MAX
WRITE(102,2070) EPSIL
WRITE(102,2020) EPS2
WRITEL 02,2080} EPS3
WRITE(102,2030) EPS4
WRITE(102,2040) XSTARTY
WRITE(I02,2050) XEND
WRITE(102,2060)
KKK=NP+1
NNN=KKK+1
00 20 I=),KKK
JJJ=NNN-1
20 READ(I01,1010) UP{JJJ),VPLIIID)
IF{NAPP.NE.O) GO TO 22
NAPP=NP
CALL GENAPP{UAPP VAPP,NAPP, XSTART)
GO YO 23
22 READ{101,1015) (UAPPL]I),VAPP(I),1=1,NAPP)
23 WRITE(102,1030) NP
KKK=NP+1
NNN=KKK+ 1
DO 25 I=1,KKK



00%0
0041
0042
0043
0044
0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
6070
0071
0072
0073
0074
0075
0076
0077
0078
0079
0080
0081
0082
0083
0084
0085
0086
0087
0088
0089
0090
0091
0092
0093
0094
0095
0096
0097

25

30

60
65

66
70
80
83
85
90
110
120

130

160

TABLE E.VII (Continued)

3 IF=NHN-T

WRITE{102,1040) PNAME,ENTRY(JJIS) JUPL{JIIS} o VPEIIIID
IF{NP.GE.3) GD TO 30 .

Jz=1

CALL QUADINP,UP VP4 J,UROOT s VROOT ¢ MULT)
WRITE({1D2,1070)

WRITE(102,3165) (I ,UROOT(I)},VROOTLI} MULTEIB =18} .
GO Y0 10

CALL DERIVINPsUP,VP,NOP,UDP,VDP)

CALL GCD{NP,UP,VPyNDP,UDP,VDPND,UD,VD}
IF{ND.GT.1) GO TO 70

IF{ND.EQ.O} GO YO 65
UDUMMY={UD(2)*UD(2) ) +({VD(2)*vD(2))
UZRO=(-(UD(11*UD{2) )-(VDL1I*VD(2)) ) /UDUNNY
YZRO={-{UD{23eVDIL} 14 (UD{L)*VD(2)) )/UDUNNY

CALL HORNER{UZRDoVZIRGoNP oUP VP, UQsVQoUDUMNNY ¢ VDUMMY)
NQ=NP-1

DO 60 I=1,NP

uQii)=uQti+ld

VQU(II=vQiI+l?

GO YO 80

KKK=NP+1

D0 66 I=1,KKK

uQlli=ue(t)

vatti=veie

NQ=NP

GO 70 80

CALL DIVIDE(NP,UP,VP;NDsUD;VDsNQsUQ,VQ}
WRITE(102,1120) NQ

KKK=NQ+1

NNN=KKK61

DO 83 1=1,KKK

JJ J=NNN-§

WRITE(102,1040) QNAME,ENTRY(JJII),UQUIIL),VQIL2IID
IF(NQ.GE.3) GO TO 85

GO 0 110

KKK=NQ+1

DO 90 I=1,KKK

uQa(II=uQ(l}

vQQ{I)=vQiI}

NQQ=NQ

GO0 TO 120

CALL QUAD(NQ,UQsVQyJoUROOT s VROOT 4 MULT }
NEWT=.FALSE,

60 TO 310

DO 200 I=L+NAPP

JALTER=0 '

CALL NEWTONI{UAPPLI!,VAPP{I},;NQQ;UQQ:YQQ;UZRO,VIRO,CONV)

IF(CONV} GO TO 160

CALL ALTER(UAPPUI} VAPPU I} JALTER,ITIMED
IF{IALTER.GT.5) GO TO 200

GO 70 130

J=Jel

UROOT { 4) =UZROD

VROOTUJ}=VIRO

UAP({J)=UAPP( I}

VAP([ J)=vAPPLI)

CALL HORNER(UZRO,VZRO:NQQ;UQQ, VAQ,UQD,VQD,UDUKMY , VDUMMY ]

201



0098
0099
0100
0101
0102
0103
0104
0105
0106
03107
0108
0109
0110
0111
o112
0113
0114
o115
0116
0117
0118
0119
0120
0121
0122
0123
0124
0125
0126
0127
0128
0129
0130
0131
0132
0133
0134
0135
0136
0137
0138
0139
0140
0141
0142
0143
0144
0145
0146
0147
0148
0149
0150
0151
0152
0153
0154
0155

180

200

205

157
210

220

230

235

240

241
245
250
280

300

303
305

TABLE E.VII (Continued)

DO 180 11=1,KQQ
UQQ(IL)=UQD(I1+1)
VOQUILll=vQD(il+l)

NQQ=NQQ~1}

IF(NQQ.LT+3) GO TO 220
CONTINUE

IF(J.GE.NQ} GO TD 205
IF(XEND.EQ.0.0} GO TO 205
IF{XSTART.GT.XEND} GO TO 205
NAPP=NQ

CALL GENAPP{UAPP,VAPPyNAPP;XSTART)

GO 10 120

IF{NQQ.LE.2} GO TO 210
WRITE(102,1200)
KKK=NQQ+]

NNN=KKK+1

DO 157 L=1,KKK
JJJ=NNN-L

WRITE(102,1100) QQNANE.ENTRV(J)J)sUQQ(JJJl,VQQ(JJJ)

IF{J.EQ.0) GO TO 10
JAP=J

GO TO 230

JAP=g

CALL QUADINQQ,UQQ+VQQsJ,URDOT, VROOT,MULT)

WRITE(ID2,1132)

WRITE(102,1133}) (1,UROOT{I)sVROOT(I)UAPLE) 3 VAP(T) o E=l,JAP)

LF{JAP.LT.J) GO TO 235
GO TO 240
KKK=JAP+1

WRITE(102,1134) (I,URDOT{L)9VROOT () o I=KKKyJd}

41=0
DO 300 {=1,J

CALL NEWTON{UROOT(I},VROOT(I),NQ,UQ,VQ,YZRO,VIRO,CONVY

IF(CONV) GD TO 280

WRITE(102,1140) E+URCOT(I),VROOT(ID

IF{1.LT+JAP) GO TO 241
IF(1.EQ.JAP) GO YO 250
GO 70 300

KKK=JAP~-1

DO 245 11=1,4KKK
UAPLIL)=UAPLIL+1)
VAP({T1)=VAP(I1l+1)
JAP=JAP-1

GO 70 300

Jl=Jivl
UROOTS{J1)=UZRO
VROOTS{J1}=VIRO
CONTINUE

IF(J1.EQ.Q) GO TO 305
J=J1

B0 303 I=l.J
URQOT (| ) =URCOTS (1}
VROOT{ 1) =VROOTS(}}

60 TO0 307
WRITE(102,1150) NQ
KKK=NQ+1

NNN=KKK+1

00 306 L=1,KKK

202



0156
0157
o158
0159
0160
0161
0162
0163
0164
0165
0166

0167
0le8
0169
o170
0171
0172
0173

0174

0175
0176
oL77
0178
0179

0180

o181
o182

0183
0184
0185
0186
0187
okas

0189
0190
0l9l
0192
0193
0194
0195
0196
0197
0198

TABLE E.VII (Continued)

JJI=NNN-L
306 WRITE(102,1040) QNAME,ENTRY{JJJ}UQIIIJD VAL IS}
G0 70 10
307 NEWT=,TRUE,
310 CALL MULTE(NP,UP,sVPySoURDOT, VRODT (MULT)
IFINEWT) GO TO 330
WRIVE(102,1070) )
WRITE(102,1165) (L,UROOTIL},VROOT{L ) sMULTEL) sL=1+d)
G0 70 10 :
330 WRITE(1D2,1180)
WRITE(102,1190) {L,UROOTIL)oVROOTIL) sMULTELD UARILD) o VAP(L) oLzl JAP
1)
KKK=JAP+1
IF{JAPLTod) WRITE(ID2,1165) (L URDOTALY : VROOTIL) sMULTIL) oL =KKK 5 J)
GO 70 10

1000 FORMATI3(I241X) 99X e1341Xc4(06,0¢1XE¢13Xe2{DT-0e1X},138

1010 FORMAT(2D30.0)

1015 FORMAT(2D30.0)

1020 FORMAT(1H1,10X41HGREATEST COMMON DIVISOR METHOD USED WEITH 42(A4),
135HMETHOD TO FIND ZEROS OF POLYNGMIALS/11X,1B8HPOLYNOMIAL NUMBER .f
22777}

1030 FORMAT{1X,22HTHE DEGREE OF P{X) IS ,12,22H THE COEFFICIENYS ARE//
1

1040 FORMAT(2X4A2¢A2+4H) = 4D23.1643H ¢ ,D23.,16.2H I}

1070 FORMAT {///1X¢13HROOTS OF P(X},52Xy 14HMULTIPLICITIES//}

1080 FORMAT(2X,5HROOT(s1204H) = yD23,16,3H ¢ ,023.1692H 1,10X412)

1100 FORMATU2XyA3,A244H) = 4D23.16,3H + 4D23.1642H 1)

1120 FORMAT(///1X,T3HQIX) IS THE POLYNOMIAL WHICH HAS AS ITS ROOTS THE
LOISTINCT ROQTS OF PUX)o/1X,22HTHE DEGREE OF Q{X) [S ¢12+22H THE C
20EFFICIENTS ARE//)

1200 FORMAT(///1X,TOHCOEFFICIENTS OF THE DEFLATED POLYNOMIAL FOR WHICH
INO ZERDS WERE FOUND.//)

1132 FORMAT(///1X,13HROOTS OF Q{X),84X, 2)HINEVIAL APPROXIMATION//)

1133 FORMAT(2X,5HRO0T{41294H) = yD23:.16+3H ¢ ¢D23.1642H 1417X4D23,16¢3H
1 + 4D23.16,2H 1)

1134 FORMAT(2X4SHROOT(41244H) = yD23,1653H ¢ (D23,16924 [920K,26HRESULT
1S OF SUBROUTINE QUAD)

1140 FORMAT(///41X,40HNO ROOTS FOR INITIAL APPROXIMATION ROOT(,12,4H) = .

1 oD23,1643H + 4D23,1642H [)

1150 FORMAT{//7/741X+45HNO ROOTS FOR THE POLYNOMIAL QIX) OF DEGREE = 12,
138H WITH GENERATED INITIAL APPROXIMATIONS//)

1165 FORMAT(2Xo5HROOT{212+4H) = ¢D23.16¢3H + sD23.1642H [, TXs12,10X,26H
IRESULTS OF SUBROUTINE QUAD)

1180 FORMATU///1X¢13HROOTS OF P{XDe52X¢ L4HMULTIPL ICITIES, LTX9 2 HINITIAL
1 APPROXIMATION/Z)

1190 FORMAT(2X,SHROOT(,E2s4H} = 4023,16,3H ¢ ¢D23.16,2H 1,7X012,7X,023,
116+43H ¢ 4D23.16,2H I}

2000 FORMATI1X,41HNUMBER OF INETIAL APPROXIMATIONS GIVEN. +12)

2010 FORMAT{ 1X, 29HMAXTMUM NUMBER OF ITERATIONS.¢11X,13)

2020 FORMAT(1X,21HTEST FOR CONVERGENCE,,13X,09.2}

2030 FORMAT{IX,24HTEST FOR MULTIPLICITIES.10X,D9.2)

2040 FORMAT{1X.23HRADIUS TO START SEARCH.:11X+D9.2)

2050 FORMAT(LX,21HRADIUS TO END SEARCH. y13X,D9,2)

2060 FORMAT(//1X)

2070 FORMAT{1X,34HTEST FOR ZERO IN SUBROUTINE GCD. ,D9.2)

2080 FORMAT{IX,34HTEST FOR ZERO IN SUBROUTINE QUAD. ,D9.2)

END

203



204

TABLE E.VII (Continued)

0001 SUSﬂDUT]HE GENAPP{APPR, APPI.NAPP.XSTART)
[+ FRERFEREERBEFUBEERE % b4 2
C *® ’ &
c * SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE M IS THE *
c * DEGREE OF THE ORIGINAL POLYNOMIAL . &
[+ &
(4 t*t#.*#*tt‘t#‘t.#*----# *E¥ * * 3

0002 DOUBLE PRECISION APPR.APPI.XSTART'BEYA. - EPSLeEPS2,EPSIHEPSS

0003 DIMENSION APPR{25) ,APPI(25) :

0004 COMMON EPS1,.EPS2,EPS3,EPS4,102,MAX

0005 IF(XSTART,EQ.0,0) XSTART=0.5

0006 BETA=0,2617994 .

0007 00 10 I=1,NAPP

0008 APPR(1)=XSTART*DCOSEBETA)

0009 APPI(1)=XSTART*DSIN{BETA)

0010 BETA=BETA+0.5235988

0011 10 XSTART=XSTART+0.5

0012 RETURN

0013 END
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TABLE E.VII {Continued)

0001 SUBROUT INE ALTERIXOLDR,XOLDI s NALTER, ITINE)
[ T T L g L T s e T P e R e T T P e T Py oy
o} * »
C * SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO ®
[ * CONVERGENCE TO A ZERO., THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH ROOT., ®
c * ®
c SXEERXERBRAERABRERERRESERR KRS EERR AR LRRREATRERRFREBREEE ET3Y

0002 DOUBLE PRECISION XOLORoXOLDI,ABXOLDyBETA EPS1,EPS2,EPS3,EPSH

0003 COMMON EPS1,EPS24EPS3,EPS4,102,MAX

0004 IFUITIMELNE.O} GO TO 5

0005 ITIME =1

0006 WRITE{102,1010} MAX

0007 5 IF{NALTER.EQ.O0} GO TO 10

0008 WRITE(102,1000} XOLDR,XOLDI

0009 GO 70 20

0010 10 ABXOLD=DSQRY ({XOLDR*XOLDR ) +{XOLD [*XOLD!)}

0011 BETA=DATAN2( XOLDI y XOLDR)

0012 WRITE(102,1020) XOLDR,XOLDI

0013 20 NALTER=NALTER+l

0014 IF(NALTERGT.5) RETURN

0015% GO TO (30+40430,40,30)9NALTER

0016 30 XOLDR=-XOLDR

0017 XoLO0I=-X0LD1

0018 GO 10 50

0019 40 BETA=BETA+1,0471976

0020 XOLDR=ABXOLD*DCOS(BETA)

0021 XOLDE=ABXOLD*DSIN(BETA)

0022 50 RETURN

0023 1000 FORMAT(1X3D23.1693H ¢+ 4D23.1692H [,10X,21HALTERED APPROXIMATION)

0024 1010 FORMAT{///1X,54HN0 CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF

ITER o13412H ITERATIONS.//)
0025 1020 FORMAT(/1X:D23,1653H ¢ 3D23,1642H 110X, Z1HINITIAL APPROXIMATION)

0026 END
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TABLE E.VII (Continued)

SUBROUTINE GCD{N,URyVRyMyUS;VS;ML,USS,VSS)

6

RERBEERFFERBRRARBRERERERPRASRRERR BB BB UREEFRE LB REERRER B R R BB ERTE KRB ES S RG

*
*
%
*®
*
*

20

25
30

40

60

10

90

95

100

130

GIVEN POLYNDMIALS P{X} AND DP(X) WHERE DEG. DP{X) ¥S LESS THAN DEG.

P{X), SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVISOR OF P{X) AND
DPIX)s

EERRFERRRERRRRRRESRRARRBEN DR R B R K Ll EABRBRRREFREUS S E

DOUBLE PRECISION USSSSSy VSSSSS

DOUBLE PRECISION URVR,USYSyUSSsVSS,URR, YRR yUDyVD,UT VT EPSLON,EP
1S2:EPS34EPS4,BBB

OIMENSION URI26) ,VR{26},US(26),VS(26),USS{26),VSS{263,URRE26),VRRL
126),UT(26},VT{26)

COMMON EPSLON+EPS24EPS3; EPS4s 102, MAX

N1=N

Ml=M

KKK=N#+1

DO 20 I=1,KKK

URR{TI=URL(L)

VRREI}=VRII)

KKK=M+1

DO 25 I=1,KKK

USS(I)=us(lI}

vsstIy=vs(n)
BBB=USSIMI+LI*USS{MLI+1)+VSSIML¢1)*VYSS{ML+1)
UD=(URRINL#L)I#USSI{MI+1)+VRRINL+1)*VSS(ML1+1)}/BRB
VD={USS{MLELIBVRRINL#LI-URRINL#1)*VSSIML+1})/BBB
KKK=N]1+1~M1

DO 40 I=KKK,N1
UTUT)=URR(I) —(UD*USS { I-N1+ML)~-VD#VSS{I-NL+M1} )
VTUI)=VRRUE)=(UD*VSS{I-N1+M1)+VD*USSII-NL+H1))
IFIML.EQ.N1} GO TO 70

KKK=N1-M1

DO 60 [=1,KKK

UT (T =URRLT)

VT{I}=VRRLI)

DO 90 I=1,N1 .
BBB=DSQRT(UT{NL4+1-T)*UT(NL1+1~-1)4+VTI(NL+1~-T}*VT(NL+1=1)}
IF(BBB.GVL.EPSLON} GO TO 100

CONTINUE

DO 95 I=1,M1
BBB=USSIMLeL)*USSI{ML+1)+VSS(ML+L)HVSSEML+L}
USSSSS={USS{II*USSIME+1)+VSS{]1)*VSS{ML+L))/B8B8
VSSSSS={VSS{I)*USS(M1+11-USSLI)*VSSI{M1+1))/B88
USS{1)=US555SS

VSS{I)=VSS55S

USS(MI+1)=1.0

VSSINL+1)=0.0

60 YO 200

K=N1~-1

IF(K.EQ.,0) GO TO 170

IF(K«LTo.M1) GO TO 140

KKK=K+]1 .

DO 130 J=1,KKK

URR{J) =UT{J)

VRREJI)=VT{I)

N1=K

GO TO 30

L4
&
%
#*
#
x
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140

150

160

170

200

TABLE E.VII (Continued)

KKK=K+1

00 150 J=1,KKK
URR (J1=USS(J)
VRR{3)=V¥SS5(J)

"USS{J)=uT ()

VSS(J)=VvTLJID
KKK=K+2
NNN=Ml &1

DO 160 J=KKK¢NNN
URR{ J)=USS (S}
VRR(J)=VSS(J}
Nl=M1

M1=K

GO TO 30
USSi1)=1,0
VSS(1)=0.0
M1=0

RETURN

END
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TABLE E.VII (Continued)

SUBROUT INE QUADIN,UA+VAy JsURODT o VROOT s MULT)
EERRRRRRRBEEEERS R ERRRAEX SRS G R XK BER KRR KR E *5% CEEEBERR

208

SUBROUTINE QUAD SOLVES OIRECTLY FQR THE ZERDS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE

* QUADRATIC IS OONE USING THE QUADRATEIC FORMULA.
*

*

40
50

60

80

100

110
130

200

R R X N

REEREERESERRBEEREERAR ERERESERREERER * RERER *
DOUBLE PRECISION UA+VAURCQTVROOTUDESCoVDISC,UTEMP,VTEMP,UDoVDE
1PS1,EPS24EPS4EPSLON,BBB

DIMENSION UA{26),VAL26) ,URDOT(25) sVROOT{25) 4 MULT{25)
COMMON EPSL1,EPS2,EPSLONEPS4o102,MAX

IFIN.GT.1) GO TO 60

IF(Je.LT.0) GO TO 40

NERESY

GO TO 50

MULTIL)=1

J=l

8BB=UA(2)*UA(2)+VAL2)%VAL2)

URDOTLJ )=~ (UA( L) *UAL2) #VA(L)%VA(2)}/BBB
VROOT(J)=~(VA(L)*UA(2)-UALLI*VA(2)) /888

GO YO 200
UDISC=(UAI2)*¥UAL2)=VA(2)*VA(2) ) ~(4.0%(UA(3)*UA(L)-VAII)*VAL{L)})}}
VDISC={2,0%UAL2)%VA(2))~14.0%{UAI3I*®VA(L)+VAL3)*UA{LI})
B8BB=DSQRT{UDISC*UDISC+VDISC*VDISC)

IF{BBB.LEL.EPSLON) GO TO 100

IF(J.GE.O) GO TO 80

MULT(1)=1

MULT(2)=1

J=0

CALL CDMSQT(UDISC.VDISC.UTEHP.VTEMP)

UD=2,0%UA(3)

VD=2,0%VA(3)

8B88=UD*UD +VD*VD
URDOT(J+1)=((-UA(Z)0UTENPl#UDO|-VA(2)0VTEHP)‘VD)/BBB
VROOT(J+1)=((-VA(2)+VTEMP )} 3UD~{-UA{2 }+UTEMP) *VD) /BBB
URODOT(J+2)={(-UA(2)~UTEMP ) ®UD+{~VA(2)-VTEMP) *VD) /BB
VROOT{J+2)=({~VA(2)~VTEMP ) *UD~{-UAL2)~-UTEMP)*VD) /B BB
J=Jd+2

GO TO 200

IF{J.LT.0) GO TO 110

J=Jd+l

GO 10 130

MULT(1}=2

J=1

UD=2 ,0%UA(3)

VD=2,0%VAL3)

88B=UD*UD+VD*VD

UROOT(J)=(~UAL2) #UD-VA(2)*VD)/BBB

VRODT{J)=(-VA(2) *UD+UAL2) YD} /B8B

RETURN

END
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®

* THIS SUBROUTlNé CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX-—
* IMATION BY USING THE ITERATION FORMULA
XUEN#1D = XINI~PIX(N)}/PI{XIN))o

*
*®

ERRRREAEERERERRERRERRRE SRR RSB EREEERERRRE R R RRARSASRREF RN RRRREEER R SRS ERE R
DOUBLE PRECISION UXoVX,UPsVPoUXDsVXOsUByVBoUDPXOo VDP XDs UPXD, VPXD U
LDIFF,VDIFF4EPSL,EPSLON,EPS3,EPS49AAA,BBB

10
15

20

TABLE E.VII (Continued)

SUBROUT INE NEWTON(UX sVXoNyUP, VP UX0, VX0, CONV)
ARG ER KR GRERKAKESEREEEREERRREREE SRR SRR AN SR E D

DOUBLE PRECISION 00D
DOUBLE PRECISION ABPXO

DIMENSION UP126),VP{26),UBL(26),VB(26}
COMMON EPS1,EPSLONy EPS3,EPS4y 102,MAX

LOGICAL CONV
Uxo=ux
vX0=vX
00 10 I=1,MAX

CALL HORNER{UXO,VXOs;NoUP+VYP,UB¢VB,UDPXO,VDPXO)

UPX0=UB(1}

VPX0=VB({1)
DDD=DSQRTIUDPXO*UDPXO+VDPX0*VDPXQO)
IF(DDD.NE.O.0} GO TO 6

ABP XO=DSQRT{UPXO*UPXO+VPXO*VPXD)
IF{ABPXD.EQ,0.0) GO TO 20

GO TO 15
8BB=UDPXO*UDPXO+VDPXO*VDPXO
UDIFF=(UPXO*UDPXO+VPXO*VOPX0)/BBE
VOIFF={VPXO*UDPXO-UPXO*VDPX0)/BBB
UXD=UX0-UDIFF

VX0=VX0-VDIFF
AAA=DSQRTIUDIFF*UDIFF+VDIFF*VDIFF)
B88B=DSORT {UXD*UXO+VXO*YXD)
IF(BBB.EQ.0.0) GO TO 10
IF{AAA/BBB.LT.EPSLON} GO YO 20
CONT INUE

CONV=.FALSE.

RETURN

CONV=, TRUE.

RETURN

END
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TABLE E.VII (Continued)

SUBROUTINE DIVIDE{(NsUPsVP:M,UD;VD:K,UQ,VQ)

210

RS EEFER RN BEEERERERKARABEE > xER%

*

# GIVEN TWO POLYMOHIALS F{X} AND GiX), SUBROUTINE DIVIDE COMPUTES THE

*
*

FXRRERFREERERRERERREREERRRUREEERERERES B RS SRR SRR EERE R SR TR

10
20

40
45

50
100

QUOTIENT POLYNOMIAL HUX) = FIX)/GIX),

DOUBLE PRECISION UP,VPUD.VDsUQ, VQy UTERM, VTERM, UDUMNY
DIMENSION UP(26),VP(26),UD{26},VD({26),UQ(26),VQl26)
K=N-N )
UDUMMY=UD(M+1) *UD{M+1 ) #VD(Me1 ) *VD(M+L)
UQIK#1)=(UP(IN+L)*UDI M+ 1) ¢ VPIN+1 ) #YD(M+1 }) JUDUMNY
VQIK+#LI=(VPIN+L ) 2UD(MELI-UPIN+L ) RVD(M¢1) } /UDUMMY
IF(K,EQ.0) GO TO 100

J==1

DO S0 I=1,K

J=J¢l

UTERM=UP {N-J)

VIERM=VP{N~J}

KK=K+1

NNN=M-J

DO 40 M1=NNNM )

IFI{KK.GT.1} GO TO 10

GO TO 45

IF({M1.GE.1) GO TO 20

GO TO 40
UTERM=UTERM-LUQ (KK ) *UDIMLI-VQIKK)*VD{ML})
VTERM=VTERM=-(UQ{KK)*VDIML) +VQIKK)I*UDIML})
KK=KK-1

UDUMMY=UDIM+ 1) *UDIM+1 ) +VDIN+1)*VD(M#+1}
UQ(K+1-T1=(UTERM$UDE M+1 ) +VTERMSVD(M#+ 1))/ UDUMMY
VO(K+L1-1I={ VTERMAUDI M+ 1) -UTERM®VD{ M+ 1} ) JUDUMNY
RETURN

END

& %8 ¥ 3
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TABLE E.VII (Continued)

‘SYBROUT INE HORNER(UX'VX'N.UP.VP'UB'VBsUCnVCD

2222222222 222222 2222 8] 1 223 3 ¢4 ¥ hkgE P
* ' ®
® HORNER'S HETHOD COMPUTES THE VALUE OF THE POLYNOMIAL PIX} AT A ®
* POINT D AND 1ITS DERIVATIVE AY D. SYNTHETIC OIVISION IS USED 7O L
* OEFLATE THE POLYNOMIAL BY DIVIDING OUT THE FACTOR (X -~ D). *
* ' L
HESREREEERERR R SRR ERERE R R R EKERE KR ES % &% R EERB R YL

DOUBLE PRECISION UXo VX UP,VP,UB,VB,UC,VC
DOUBLE PRECISION UDUMMY, VOUMMY
DIMENSION UP(26) ,VPI26),UBL26),VB(26)
UB(N+1)}=UP(N#1)
VB{N+1)=VP(N+1)
UBINY=(UX*UB (N+1)}—-VX*VBI{N+1) }+UPIN)
VBINI={UX*VB (N+1 ) +VX*UB(N+1) ) +VPIN)
UC=UB(N+L)
VC=VBIN+1)
KKK=N~1
D0 10 I=1,KKK
UB(KKK#1=1)=(UX*UB(KKK#2=] )~VX*VBIKKK+2~ l))tUPlKKK+l -1)
VBIKKK#1=1)={UX*VBIKKK+2~1 )+ VX*UB(KKK+2-1) )¢ VP{KKK+1~[)
UDUMMY =UX #UC~VX*VC
VDUMMY =UX*VC +VX*UC
UC=UDUMMY +UB (KKK +2~1)
10 VC=VDUMMY +VB ({KKK+2- ll
RE TURN
END

SUBROUTINE DERIVIN,UP,VPsM,UA,VA)
FRERERRER AR R R R AR RN R ER R RN AR R KRB AR R SR KRR KRR RE R SRR RS
* »
* GIVEN A POLYNOMIAL P(X)}, SUBROUTINE DERIV COMPUTES THE COEFFICIENTS OF *
* ITS DERIVATIVE P*(X), *
* L]
FEERRRRAEBRRERRERRRRRERAEREFEE AR ERKERREAB AR RS FERRRRRR SRR SR SRR SRR SRS SRE SRS

DOUBLE PRECISION UPsVPsUA,VAsAAA

DIMENSION UP(26),VPI26)sUAL26),VAL26)

KKK=N#+1

D0 10 I=2,KKK

AAA=[-1}

UALT-1)=AAA*UP(T}
10 VALI-1)=AAA*YP(])

M=N-1

RETURN

END
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TABLE E.VII (Continued)

SUBROUTENE MULTI{N,UP,VP,J,URDOT,VROOT,MULT)

212

Ea 22 222 E2 2 222 22222 22ttty LR 22 EXFRERREEAGRESERRESRRBS SRS R E

GIVEN N ZEROS OF A POLYNOMIAL, SUBROUTINE MULTI COMPUTES THEIR

MULTIPLICITIES,

&
&
&
®

FREEERRERRR KRR ERRKREERBRBEREREB AR RS REBEEERERRRESRES LG R R RN EEXRREBEX D AR RRFEEEE

10

20

40
50

60
70

100
1000

DOUBLE PRECISION UP,VPsURDOT, VROOTyUASVA,UBYBoUC,VC,EPSL,EPS2,EPS

1LON+EPS3,8B8

DIMENSION UP(26),VP{26),UROOT(25) . VROOT{25),UA(26),VAL26),UB(26),Y

18(26) 4 MULT(25)

COMMON EPS1,EPS2,EPS3,EPSLON, 102, MAX
DO 100 I=1,4

KKK=N+1

DO 10 K=1,KKK

UAIK)=UPIK])

VA(K)=VP (K}

M=N

MULT(1)=0

CALL HORNER(UROOT(I),VROOT{1I) MyUA,VA,UB,VB,UC,VC}
BBB=DSQRY(UB(L}*UBLL)+VB(1)2VB(1))
IF(BBB.LT.EPSLON) GO TO SO
IF(MULT{T},EQ.0) GO TO 40

GO 10 100

WRITE(102,1000) EPSLON,I,URCOT(I),VROOT(I?
G0 TO 100

MULT(I)=MULT(I)+]

IF(M.GT.1) GO TO 60

GO Y0 100

DO 70 K=14M

UALKI=UB(K+1)

VAIK)=VBIK+1)

M=M-~1

GO 70 20

CONTINUE

RETURN

FORMAT(///15H THE EPSILON (,010.3,48H) CHECK IN SUBROUTINE MULTI
LINDICATES THAT ROOT(sf294H) = ¢D23.1643H ¢ 4D23.1692H 1,/80H IS NO
2Y CLOSE ENOUGH TO BE A TRUE ROOTV. IT IS PRINTED BELOW WITH MULTIP

3LICITY 0//)
END
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TABLE E.VII (Continued)

SUBROUT-ENE -CONSUT TUX s VX y ¥4V Y)

213

EERSRERELEBEEBEEEESFEEBRRREEREEER SRS RFERBEEERARERE DR EEEREREBXDREF ERRE SIS SRR

*

* THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER.

*

*
&
»

BEEFRERREEERRBRRE R ER SRR IRE R RFKERRRAERIERRRE SRR AR REESE RS SER KRR SRE X RE PR EEBRRN

10

20
30

40

50

60

100

DOUBLE PRECISION UX,VX,UY,VY,DUMNY,RsAAA,BBB
R=DSQRTLUX*UX+VX*VYX)
AAA=DSQRT{DABS L {R+UX}/2.00)

BBB=DSQRT{DABS{ (R-UX)/2.00)

IF(VX) 10420,30
UvY=AAA
VY=-1,0%888

GO 70 100
IF(UX) 40,50,60
UY=AAA

vY=8B8

GO 10 100
DUMMY=DABS{UX)
Uy=0.0
VY=DSQRT { DUNMY )
GO TO 100
uy=0.0

vY=0.0

GO YO 100
ouUMMY=DABS LUX)
UY=DSQRT { DUMMY}
VY=0,0

RETURN

END
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APPENDIX F

G.C.D. - MULLER'S METHOD

1. Use of the Program

A double precision FORTRAN IV program using the G.C.D. method with
Muller's method as a supporting method is presented here. Flow charts
for this program are given in Figure F.l while Table F.III gives a
FORTRAN IV listing of thds program. Single precision variables are
listed in Table F.II. The single precision variables are used in the
flow charts and the corresponding double precision variables can be
obtained from Table F.IIL.

This program is designed to solve polynomials having degree less
than -or equal to 25. In order to solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Table F.L
must be changed.

In this program both the leading coefficient and the constant

coefficient are assumed to be non-zero.



215

TABLE F.I

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY G.C.D. - MULLER'S METHOD

Main Program

Data Entry/1H1,1H2,...,1H9,2H10,2H11,...,2HXX/where XX = N+1
URAPP (N,3), VRAPP(N,3)
UAPP (N, 3) , VAPP(N,3)
UP(N+1),‘VP(N+1)
UROOT(N) , VROOT (N)
MULT(N)

UDP (N+1), VDP (N+1)
UD(N+1), VD(N+1)
UQ(N+1) , VQ(N+1)
UQQ(N+1), VQQ(N+1)
UB(N+1), VB(N+1)
ENTRY (N+1)

Subroutines MULTI, DIVIDE, DERIV, GCD, and QUAD
See corresponding subroutines in Table E.I.
Subroutine MULLER

UROOT(N) , VROOT (N)
MULT (N)

UAPP(N,3), VAPP(n,3)
UWORK (N+1) , VWORK(N+1)
UB(N+1), VB(N+1)
UA(N+1), VA(N+L)
URAPP (N, 3), VRAPP(N,3)

Subroutine BETTER

UROOT (N) , VROOT (N)
UA(N+L), VA(N+1)
UBAPP (N, 3), VBAPP(N,3)
UB(N+L) , VB(N+1)
UROOTS (N), VROOTS (N)
URAPP(N,3), VRAPP(N,3)
MULT (N)

Subroutine GENAPP
APPR(N,3) APPI(N,3)
Subroutine HORNER

UA(N+1) , VA(N+L)
UB(N+1), VB(N+1)
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2. Input Data for G.C.D. - Muller's Method

The input data for G.C.D. - Muller's method is prepared exactly as

described in Appendix E, § 2 for G.C.D. - Newton's method.
3. Variables Used in G.C.D. - Muller's Method

The main variables used in G.C.D. - Muller's method are given in
Table F.II., The symbols used to indicate type and disposition are
described in Appendix E, § 3. For variables not listed in Table F.II,

see the main program or corresponding subprogram of Table E.VI.
4, Description of Program Output

The output from G.C.D;_— Muller's method is identical to that for
G.C.D. - Newton's method as described in Apptendix E, § 4, keeping in
mind that Muller's instead of Newton's method is used. The expression
"SOLVED BY DIRECT METHOD" is equivalent to "RESULTS OF SUBROUTINE QUAD."
Only one initial approximation, XO’ (not three) is printed. The other

two required by Muller's method were .9XO and l.lXO.
5. Informative Messages and Error Messages

The informative messages and error messages in this program are
described as follows. For other messages not listed here, see Appendix
E, § 5.

"THE EPSILON (XXX) CHECK IN SUBROUTINE MULTI INDICATES THAT ROOT
YY = ZZZ IS NOT CLOSE ENOUGHT TO BE A TRUE ROOT. 1IT IS PRINTED BELOW
WITH MULTIPLICITY O." This message is described in Appendix E, § 5.

""COEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO ZEROS WERE

FOUND." This message is described in Apptendix E, § 5.
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""NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX." XX represents the
number of the polynomial for which no zeros were extracted.

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT XX = YYY DID NOT CONVERGE
AFTER ZZZ ITERATIONS." This message indicates that a root did not
produce convergence during the attempt to improve accuracy. XX
represents the number of the root before the attempt to improve
accuracy, YYY represents its value, and ZZZ represents the maximum
number of iterations. The following message then follows. ''THE
PRESENT APPROXIMATION IS AAA." AAA represents the present approximation

to the root after the maximum number of iterations.
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0002

0003
0004
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0027
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TABLE F,III

PROGRAM FOR G.C,D,-MULLER'S METHOD
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DOUBLE PRECISION PROGRAM FOR G.CaDo - MULLER®S METHOD

THE Go.CoDa METHOD EXTRACTS THE' ZERDOS AND THEIR MULTIPLICITIES OF A

DIVIDING YHE POLYNOMIAL 8Y THE GREATEST CCUMMON DIVISOR OF THE POLYNOMIAL
AND ITS DERIVATIVE. THE ZEROS OF THE RESULTING POLYNOMIAL ARE EXTRACTED

AND THEIR MULTIPLICITIES DETERMINED.

*
*
*
Y
*
* POLYNOMIAL OF MAXIMUM DEGREE 25, ALL MULTIPLE ROOYS ARE REMOVED BY
*
*
*
#*
*
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DOUBLE PRECISION URAPP,VRAPP

DOUBLE PRECISION UP,VP,UAPP,VAPP,UROOT,VROOT ;UDP, VOP,UD,VD,UZRA,VZ
1R0, UQ,VQ o UDUMMY, VOUMMY,UQQ,VQQ,UB, VB ,EPSL,EPS2,EPS3,EPS4

DIMENSTON URAPPU25,3) 4VRAPPUI25,3),UAPP(25,3),VAPP(25,3}

DIMENSION UP({26) ,VP(26),URDOT{25),VROOT125),MULT{25) ,UDP{26),VDP(2
16),UDI26),VDI26),UQ126),VQ126),UQQ(26),VQ0(26),UBL126),VB(26) s ANAME
202) 4ENTRY {26}

DOUBLE PRECISION XSTART

DOUBLE PRECISION XEND

DOUBLE PRECISION EPSRT

COMMON EPSRY ,EPS1,EPS2,EPSI,EPS4,102,MAX

DATA PNAME, QNAME, QUNAME/ 2HP (, 2HQ( 4 3HQQL/

DATA ENTRY/1HL y1H241H3 ) 1HG ¢ LHS; LH6 ¢ LH 7 LHB s LHO» 2H104 2H11, 2H12,2H13
19 2H149 2H15, 2H1 69 2H1 T, 2H18, 2H1942H20,2H21 4 2H2242H23 3 2H24 3 2H25,42H26/

DATA ANAME{1),ANAME(2)/4HMULL y4HERS /

LOGICAL NEWTY

101=5

102=6

10 J4=0

ITIME=0

READ(I01,1000) NOPOLY NP ¢NAPP MAX,EPSL,EPS2,EPS3,EPS4y XSTART ; XEND,
LK CHECK

IF({KCHECK.EQ.1) STOP

WRITE(102,1020) ANAME{1),ANAME(2),NOPOLY

WRITE{102,2000) NAPP

WRITE(102,2010} MAX

WRITE(102,2070} EPS1

WRITE(102,2020) EPS2

WRITE(I0Q2,2080) EPS3

WRITE(102,2030) EPS4

WRITE{ID2,2040) XSTART

WRITE(102,2050) XEND
WRITE(102,2060)

KKK=NP+1L

NNN=KKK+1

DO 20 [=14KKK

JII=NNN-1T

20 READ(IOL,1010) UP(JJIJI),VPLIII)

IFINAPP.NE-O) GO YO 22

NAPP=NP

CALL GENAPPLUAPP,VAPP NAPP,XSTART)
GO ¥0O 23

22 READ(IO1,1015) (UAPP{1,2)9sVAPP(T,2),1=1,NAPP)
23 WRITE(102,1030) NP

KKK=NP+1
NNN=KKK+ 1
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0043
0044
0045
0046
0047
0048
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0050
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0055
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0065
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0075
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0080
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0090
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0094
0095
0096
0097
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25

30

55

60

65

66

70

80

83

85

90

110

120

310
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D0 25 I=1.KKK

JJII=NNN-1

WRITE(102,1040) PNAME,ENTRY(JJIBoUPLDIINVPTISS)
IFINP.GE.3) GO YO 30

J=-1

CALL QUADINP,UP,;VP;J,URDOYV, VROOT, MULT )}
WRITE(¥D2,1070)

WRITE(I02,1165) (I, URODT(I),VRODTLII MULT{I) o151}
GO 70 10

CALL DERIVINP,UP,VP,NDP,UDP,VOP)

CALL GCD(NP,UP,VP,NDP,UDP,VDPND,UD,VD}
IF{ND.GT.1) GO YO 70

IF(ND.EQ.O} GO TO 65
UDUMMY=UD(2)*UD{2)+VD{2)*VD(2}
UZRO=-(UO (L }#UD(ZI+VDCLI*VO{2]))/UDUMMY
VIRO=—(UD(2)*VD{1)~UD{ L) *VD( 2) ) /UDUMMY
KKK=NP+1

DO 55 I=1,KKK

UQQ{ 1) =YUP(KKK+1-1)

VQQIT)=VP{KKK+1~1)

NQQ=NP

CALL HORNER{NQQsUQQ,VQQ,YZROs VIRD,UB, VB, UDUMMY ; VDUMMY)
NQ=NP-1

DO 60 I=14NP

UQI 1 )=UB{NP+1-])

VAT I=VBINP+1-T}

GO 70 80

KKK=NP+1

DO 66 I=1,KKK

uQUII=uP (I}

vat1i=veir)

NQ=NP

GO TO 80

CALL OIVIDE(NP,UP,VP ,ND,UD,VD,NQ,UQ,;VQ)
WRITE(I02,1120} NQ

KKK=NG+1

NNN=KKK+1

DO 83 I=1,KKK

JJJ=NNN-T

WRITE(102,1040) QNAME,ENTRY(JJJ) ,UQEIIID,VQLIIS)
IF(NQ.GE.3) GO TO 85

G0 10 110

KKK=NQ+1

DO 90 I=1,KKK

UQQEE) =UQ(KKK#1~1T)

VOQ(I}=VQI{KKK+1~-1)}

NQQ=NQ

GO T0 120

CALL QUADINQ,UQsYQ:JyURDOT,VROOT MULT)

NEWT=,FALSE.

GO TO 310

CALL MULLER(UQQsVQQ,NQQ,UAPP,VAPPNAPPXSTART s XKEND,URDOT,YRAOT ; 5 J
LAP,URAPP ; VRAPP,NOPOLY)

NEWT=, TRUE,

CALL MULTI(NP,UP,VP,J,URDOT, VROQT ,MULT)

IF{NEWT) GO YO 330

WRITE( {02,1070)

WRITE(102,1165) (L,URCOT(L),VROOTIL) ;MULTIL) sL=1sd)
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G0 T0 10

330 WRITE(1D2,1180)
DO 350 L=1,JAP

350 WRITE{102,1190) LsURDOTL) VRODTIL), MULTILIURAPPIL2),YRAPPLIL 2)
KKK=JAP+1
TF{JAP.LT,J) WRITE(IO2,1165) (L, UROOTIL) 4VROOTILY sMULTIL) oL=KKKsJ}
G0 10 10

1000 FORMAT(3(12¢1X),9Xsl3:1X94(D6.0s1X)s13X,2(07,041%),01}

1010 FORMAT(2030.0)

1015 FORMAT(2D30.0)

1020 FORMAT{1H]1,10X,4)HGREATEST COMMON DIVISOR METHOD USED WITH ,2(A4),
135HMETHOD TO FIND ZERDS OF POLYNOMIALS/11X,18HPOLYNOMIAL NUMBER ol
227771

1030 FORMAT(1X,22HTHE DEGREE OF P{X) IS »,12,22H THE COEFFICIENTS ARE//
1)

1040 FORMAT(2X:A2,A2,4H) = 4D23.16,3H + 4D23,1642H 1}

1076 FORMATU(///1X,13HROOTS OF P(X) 52Xy 14HMULTIPLICITIES/ /)

1080 FORMATIZ2X,5HROOT(412,4H) = ,D23,16,3H + 4D23,1652H 1,10X,12}

1100 FORMAT{2X;A3,A2,4H) = ,023,16,3H + +D23.16,2H I)

1120 FORMAT(///1X,73HQ(X} IS THE POLYNOMIAL WHICH HAS AS ITS ROOTS THE
LDISTINCT ROOYS OF PUX)a/1X,22HTHE DEGREE OF Q(X) IS5 »12422H THE C
20EFFICIENTS ARE//)

1165 FORMAT (2XoSHROOT(, 12,4H) = ,023,1643H ¢ ;D23,16,2H I,TXs12510X,26H
IRESULTS OF SUBRDUTINE QUAD)

1180 FORMAT{///71X,13HRO0TS OF P{X) 52X 1AHMULTIPLICITIES 17X, 2 HINITIAL
1 APPROXIMATION//)

1190 FORMAT(2XsSHROOT{1294H) = 4D23,1693H + 4D23,1602H IyTX912,9X,D23,
116+3H + ,023.16,2H 1)

2000 FORMAT{L1X,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 12}

2010 FORMAT(1X,29HMAX{MUM NUMBER OF ITERATIONS.911X,13)

2020 FORMAT (1X,21HTEST FOR CONVERGENCE.y13X:09.2)

2030 FORMAT(L1X,24HTEST FOR MULTIPLICITIES.,10X,09.2)

2040 FORMAT{1X,23HRADIUS TO STARY SEARCHe+11X:D9.2)

2050 FORMAT(1X,21HRADIUS VO END SEARCH.y13X409.2)

2060 FORMAT{//1X}

2070 FORMAT{1X,34HTEST FOR ZERO IN SUBROUTINE GCD. D9.2)

2080 FORMAT(1X,34HTEST FOR ZERO IN SUBROUTINE QUAD. D9.2)

END

236
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2001 SUBROUTINE MULTI(N:UP.VP,J,URDOT, VROOT ,MULT)
[ LRI P I LE ST L I L s T e e e T E T e EE T E ddok
c L ®
C * GIVEN N ZERDS OF A POLYNDMIAL, SUBROUTINE MULTI COMPUTES THEIR =
C * MULTIPLICITIES, #
[ * &
c o ool sk el ol o b ok ok ol ook skt ol o ok ok i oot e o o e e e e sk o ok ok Aok e gl e kgl skl o

0002 DOUBLE PRECISION UP.VP,URDOT, VROOT, UA,VA,UB,VB,UC,VCsEPSL.EPS2,EPS

1LON,EPS53,BB8
0003 DIMENSION UP(26),VP(26),URO0TI{25),VROODTI25) UA126),VAL26),UB(26) 5V
1B(26) MULT(25)

0004 DOUBLE PRECISION EPSRT

0005 COMMON EPSRYEPSL,EPS2,EPS3,EPSLON,T102,MAX

0006 D0 100 1=1,4

0007 KKK=N+1

0008 DO 10 K=1,KKK

0009 UALK)=UP{KKK+1-K)

0010 10 VAIK)=VP(KKK#+1-K)

go1l M=N

0012 MULTLT =0

0013 20 CALL HORNER{M,UA,VA,URODT(1),VROOT(I},UB,VB,UC,VC)

004 B8BB8=DSQRY {UC*UC+VC*V(C)

0015 IF(HBBLTLEPSLON) GO YO 50

0016 IF(MULT(I)}.EQ.0) GO YO 40

0017 GO YO 100

0018 40 WRITE(102,1000) EPSLON,I,URDOT(I),VROOTLI)

0019 G0 TO 100

0020 S50 MULT(II=MULT(I)#1

0021 1F{M.GT.1) GO YO &0

0022 GO YO 100

0023 60 DO 70 K=1,M

0024 UALK)=UB(K)

0025 70 VA{K}I=VBI(K)

0026 M=M-1

0027 GO TO 20

0028 100 CONTINUE

0029 RETURN

0030 1000 FORMAT{///15H THE EPSILON (4D10.3,48H) CHECK IN SUBROUTINE MULTI

LINDICATES THAT ROOTU,12y4H) = ,023.16,3H + ¢D23,16,2H [,/80H 15 NO
2T CLOSE ENOUGH TO BE A TRUE ROOT, IT IS PRINTED BELOW WITH MULTIP
3LICITY 0/77)

0031 END
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SUBROUTINE DIVIDEIN,UPsVPyM;UDsVDyKoUQ,VQ)

238

L L T SRR RS %
* *
* GIVEN TWO POLYNOMIALS F(X} AND G{X)},; SUBROUTINE DIVIDE COMPUTES THE *
¥ QUOTIENY POLYNOMIAL HIX)} = FIX)/GIX), *
# ¥
T A B B Ll o e L T T

DOUBLE PRECISION UP,VPUD,VD,UQ, VQs UTERM { VTERM,UDUMMY
DIMENSION UPL26) ,VP{26),UDI26),VD(26),UQ(26) ,VQ(26)
K=N-M
UDUMMY=UD(M+ ]} «UD{ ML} 4VDIM&L ) 2YDIMEL)
UQIK+1)={UP(N& 1) *UD( M+ 1) +VP(N+1) *VO({ M+1} ) /UDUMMY
VQIK+#L )={VPEN+1 }#UD{M+1)}—UP{N+1)&VD(M+1) } /UDUMMY
IFIK.EQ.0} GO YO 100
J==1
DO S0 I=1,K
J=J+]
UTERM=UP{N~-J)
VTERM=VP(N~J)}
KK=K+1
NNN=M-4
DO 40 ML=NNN,M
IF{KK.GT.1) GO TO 10
GO TO 45
10 IF(ML.GE.1) GO TG 20
G0 TO 40
20 UTERM=UTERM~(UQIKK)*UD(ML)-VQI(KK)*VDIML}}
VTERM=VTERM=~{UQ(KK)*VD{ML } +VQIKK) *UDIML})
40 KK=KK~1
45 UDUMMY=UD(M+L)*UDIM&L1)+VDIM] ) *YD{ ML)
UQIK+L~I)=(UTERMEUD{M+1) + VTERM*YD(M+1) ) /UDUMMY
50 VQIK+1~1)=(VTERM*UD(M¢1)~UTERM*VD{M+1) )} 7UDUMMY
100 RETURN
END
SUBROUTINE DEREVIN,UP VP, M,UA,VA) )
D R g L T T T T LT L L P T T
* %
& GIVEN A POLYNOMIAL P{X), SUBRDUTINE DERIV COMPUTES THE COEFFICIENTS OF #*
# ITS DERIVATIVE Po{X). %
® *
R ok o o e Aok o oK R Rk o R SERAFEEASERRERERRE ERRERR AR SUR GBS S

10

DOUBLE PRECISION UP,VYP,UA,VA,AAA
DIMENSION UP{26),VP(26),UAL26),VAL26)
KKK=N+1

DO 10 [=2,KKK

AAA=[-1

UACI-1)1=AAA*UPLT)

VAUT-1)=AAA®*VPL T}

M=N-1

RETURN

END
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SUBROUTINE GCDINsUR,VRyMyUS,VS4ML,USS,VSS)

239
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*
#*
*
»
*
%

20

25
30

40

60
70

90

95

100

130

GIVEN POLYNOMIALS P(X) AND DP{X) WHERE DEG. DP{(X) IS LESS THAN DEG.
Pi{X)e SUBRDUTINE GCD COMPUTES THE GREATESY COMMON DIVISOR OF PIX) AND

DP{X).
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DOUBLE PRECISION EPSRT
DOUBLE PRECISION USSSSS,VSSSSS

DOQUBLE PRECISION URyVR,USoVS:USSsVSSsURRSVRRyUD, VO, UT VT, EPSLON,EP

152,EPS3,EPS4,888

DIMENSION URI(26),VRI26):US126),Y5(26),USS126),YSSE26},URRI26),VRRI

126),UT(26),VT{26)

COMMON EPSRYEPSLONgEPS2,EPSIoEPS4y 102, MAX
N1=N

Ml=M

KKK=N#+1

DO 20 I=1,KKK

URR{I)=UR(T)

VRR(TY=VRI(I)

KKK=M+1

DO 25 I=1,KKK

UsSStrI=ustIy

VSS{I)=vS(I)
BBB=USS(ML+1)*USSIML+1)1+VSSIML+1)%VYSS(ML+1)
UD=(URRINL1+1)*USS{ML+1)+VRRINL+1)*VSSIML+1)}/BBB
VO={USSIMI+1)%VRR{NL+1)~URRINL+1)*VS5S(MLi+1))/BBB
KKK=NL+1-M1

DO 40 [=KKK, N}
UT(II=URR(II-(UD*USS{I~-NL+ML)~-VORVSS{T~N1+M1)}
VTLI)I=VRRUL )~ (UD*VSS { I-NL+ML)+VD*USS(I-N1+M1))
IF{M1.EQ.N1) GO TO 70

KKK=N1-M1

DO 60 I=1,KKK

UTLI)=URR( )

VT{1)=VRR(1}

D0 90 f=1,N1
BBB=DSQRT(UT{NL+1-I)*UT{NL1+1~T}+VT(NL+1-T}*VT{NL+1-1})
1F(BBB.GT.EPSLON) GO TO 100

CONTINUE

DO 95 i=1,M1
BBB=USSIML+1)2USSIML+1)4YSSIMI+1)*VSS{MI+1)
USSSSS={USS{II*USSIML+1) ¢VSS{II*VSS{ML+1))/BBB
VSSSSS=(VSS(I)*USS(ML+1)~USS{T)*VSS{M1+1))/BBB
USSLT)=USSSSS

VSS{I)=VSSSSS

USS{ML+1)=1,0

VSS(ML+1)=0.0

GO YO 200

K=N1~1I

IF{K.EQ.0) GO TO 170

IF({K.LT-M1l) GO TO 140

KKK=K+1

DO 130 J=1,KKK

URRIN =UT LI}

VRR{J) =VT(J)

N1=K

-2 - N
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170

200
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GO YO 30
KKK=K+1

DO 150 J=1,KKK
URR(JY=USSLJ}
VRR{J1=VSS5(J)
UsSStJI=uTtd)
VSS{d =vTLJ)
KKK=K+2
NNN=M1+1

DO 160 J=KKK,NNN
URRTJI=USS L)
VRR(J)=VSS{J)
N1=M]

MI=K

GO YO 30
ussS(l1i=1.0
VSS(11=0,0
M1l=0

RETURN

END
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SUBROUT INE QUADIN,UA,VA, J;UROOT,; VROOT MULT)
e s kol ek i e ok oo e ok e e oo ok e kool ok ok ke ek RkoloR R ol doRpok ook ko R kR R R kR R dok kR kR p kg
* &
* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZERQS AND THEIR MULTIPLICITYLIES ®
% OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR., SOLUTION OF THE &
* QUADRATIC IS DONE USING THE QUADRATIC FORMULA. *
* *
e o A e et ake X o o e ok e A o o e e e e ol oo ol s e ek s sl e e o e ok ade ol o o e e e e e ol ok o o o e ol ook ot o ool sk afe oo e e ol ofs e e ool ekl

DOUBLE PRECISION EPSRY

DDUBLE PRECISION UAy VA,UROOT ,VROOT ;UDISC,VDISC o UTEMP o VTEMP,UD, VD 4E

LPSL,EPS2,EPS4,EPSLON,BBB

DIMENSION UA(26),VAL26),URD0T(25),VROOT(25), MULT(25)

COMMON EPSRT,EPS1,EPS2,EPSLON.EPS4,102,MAX

IFIN.GT.1) GO TO 60

IF(J.LT.0) GO YO 40

J=J+l

GO 10 50

40 MULT(1)=1
J=1

S0 BBB=UAI2)1%UA(21+VA[2)%VAL2)
URGOTIJ)=—{UA(L) %A 2)+VALL)*VAL2))/BBB
VROOT(J)=~(VA{1) *UA(2)~UA(1)*VA{2))}/BBB
G0 TO 200

60 UDISC={UAL2)*UAL2}-VA{2)*VAL(2))=(4.0%{UA(3)*UALL)-VA(3)*VALL)})
VDISC={2.0%UA{2)#VAL2))~{4.0%{UA(3)*VALL)+VA{3)%UA(L)))
BBB=DSQRT{UDISCH*YDISC+VDISC*VDISC)
IF(BBB.LE.EPSLON} GO TO 100
IF(J.GE-QO) GO TO 80
MULT (1) =1
MULT(2)=1
J=0

80 CALL COMSQY{UDISC,VDISC,UTEMP,VTENP)
UD=2,0%UA(3)
VD=2,0*VA(3)
888=UD*UD +VD*VD
UROOT{ S+ 1) = {-UAL2) +UTEMPI®UD+{~VA{2 ) +VTEMP) 2YD) /BBD
VROOT(J+1)={{~VA(2)+VTEMP ) *UD~(-UA{ 2} +UTEMP) *VD) /888
URDOT{J+2)=({~-UA{2)-UTEMP ) *UD+{-VA(2)-VTEMP)*VD)/88B
VROOT{S+2) =1 (=VA{2)-VTEMP) *UD—~{-UA(2)}-UTEMP) *VD) /BBB
J=J+2
GO 1O 200

100 IF{J.LT.0) GO TO 110
J=J+1
G0 T4 130

110 MULT({Ll}=2
J=1

130 UD=2.0%UA(3)
VD=2.0%VA(3)
BBB=UD*UD+VD*VD
URDOT (J)=(~UAL 2) *UD-VAL2)%VD)/BB8
VROOT (J)=(~VA(2)*UD+UA(2)*VD) /BBB

200 RETURN
END
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SUBROUTTNE MULCERIUAS VA, NP DAPP . VAPP ¢ NAPP, XSTARY ¢ XKEND » UROOT s VRDOT o
INROOT, IROOT , URAPP , YRAPP, NOPOL Y}
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25
27

30
40

50

60

MULLER®S KETHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A
POLYNOMI AL OF MAXIMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE

POLYNOMIAL IS APPROXIMATED BY A QUADRATIC. THE 2ERO OF THE QUADRATIC
CLOSEST 70 THE OLD APPROXIMATION S VAKEN A$S THE NEW APPROXIMATION.

IN THIS MANNER A SEQUENCE IS OBVAINED CONVERGING TO A ZERO.
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DOUBLE PRECISION UPX3,VPX3,UPX2,VPX2+URDOT ;VROOT UX} VX1 ,UAPP,VAPP
1sUX2,VX2 3 UNORK ; VHORK s UX3, VX3 ,UBs VB UX4o VX4 UA VA UPX] ;VPXL s URAPP . V

2RAPP ,UPX4 ; VPX4 o EPSRT sEPSO9 EPS sCCCo EPSMoUH3 o VH3,UQ4,VA4,ABPX4, ABPX3

3,QQ0,XSTART, XEND

DIMENS ION UROOT({25):VROOT{25),MULT(250,UAPP (25,30, VAPP{25,3} ,UMDRK
1026) s VHORK(26) ,UB{26) ,VB(263,UAL26) sVAL26);URAPP{2553),VRAPP({25,3)
LOGICAL CONY

DOUBLE PRECISION EPS1 :

COMMON EPSRT.EPSL,EPS,EPSD,EPSM, 102, MAX

DATA PNAME, DNAME/2HP {4 2HDL/

EPSRT=0,999

NRODT=0

[ROOT=0

IPATH=1

NOMULT=0

NALTER=0

ITIME=0

1APP=1

ITER=1

IF{NAPP.NE.O} GO TO 18

NAPP=NP

CALL GENAPP(UAPP,VAPP NAPP, XSTART}

60 T0 27

DO 25 I=1,NAPP

UAPP{I,13=0.9%UAPP(],2)

VAPPLE ¢ 1)=0,9%VAPPL],2)

UAPPLE3)=1.1%UAPP(],2)

VAPP(1,3)=1.1%VAPPL{1,2)

KKK=NP#+1

00 30 I=1,KKK

UWORK{ T} =UA( T}

VWORK{T)=VALL)

NWORK=NP

UXL=UAPP(TAPP,1}

VX1=VAPP{LAPP, 1)

UX2=UAPP{IAPP, 2}

YR2=VAPP (LAPP,2)

UX3=UAPPL{ TAPP,3}

VYX3=VAPP{IAPP,3)

CALL HORNER{(NWORK; UWORK  VHORK ,UX1,YX1 3UB,VB,UPX1,VPX1L}
CALL HORNER{NWORK ; UHORK; VWORK, UX2s YX2,UB,¥B, UP X2, VPX2)
CALL HORNER(NWORK ;UWORK ; VHORK ,UX3,VX3,UBsVYB,UPX3,VYPXR3)}
CALL CALCIUXL (VX1,UX2,VX2oUX3,VX3oUPXLsVPXL, UPX2,YPK2,UPX3,VYPX3,UX
14sVX45UQ4 s VQ4 ,UH3 ,VH3 )

CALL HORNER{NWORK s UWORK  VHORK ;UX% VX% UBo VB, UPX4, YPX4)
ABPX4=DSQRT{UP X4 SUP X4 VP X&¥VPX4)
ABPX3=DSQRT{UPX32UPX3+VPX35VYPX3)

Y
&
%
%
®
L
-3
2



0044
0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055

0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
0078
0076
0077
0078
0079
0080
ooal
0082
0083
0084
0085
0086
0087
coss
0089
0080
0091
0092
0093
0094
0095
0096
0097
0098
0099
0100

70

75

77

80

a1

82

55

85
87
90

100

120
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IF{ABPX2.EQ.0.0} GO 7O 70
QQO=ABPX4/ABPX3

IF{QQQ.LE.10.}) GO TO 70
UQ4=0,5%UQ4

V04=0.5%VQ4

UX4=UX34{ UH3*UQ4e~-VHISVQ4 )
VX4=VYX3+{VHI*UQ4 ¢UHI*VQ4)

GO TO 60

CALL TESY{UX3,¥YX3,UX%eVX4,C0NV)
IF{CONV) GO TO 120
IFLITER.LT.MAX) GO TO 110

CALL ALTER{UAPPUIAPP,1},VAPPLIAPP L) UAPPLIAPP 2} VAPP{IAPP2),UAP

LP{LAPP 3 ), VAPP(IAPP, 3 ) NALTER, ITIMED

IF{NALTER.GT.5) GO TO 75

ITER=)

GO TO 40

IFLIAPP.LT.NAPP) GO YO 100
IF(XEND.EQ.,0.0) GO TO 77
IF(XSTART.GT.XEND} GO TO 77
NAPP=NP

CALL GENAPP{UAPP VAPP ,NAPP:XSTART)
1APP=0

G0 70 100

WRITE(102,1090)

KKK=NWORK+}

WRITE(102:,1035) {DNAME:JUWORKLJ) ;VHORKEJ) o $=1 KKK}
IF{NROOT.EQ.0) GO YO 90
IF(IPATH.EQ-1) GO TO 82

1PATH=2

CALL BETTER{UA,VA ;NP ;URDOT ;VROOT s NROOT ; URAPP , VRAPP o IROOT - MULT )
RETURN

IF(NROOT.EQ.0)GO TO 90
IF{IRODT.EQ.Q) GO TO 85
WRITEL102,1080)

D0 55 I=1,1R0OOY

WRITE(ID2,1085) I+URCOT(I),VROOT (i) URAPP(E+2)}sVRAPP{E,2)
IF(IRDOT,LT.NROOYT) GO TO 85

GO TO 87

KKK=1R0OT+1

WRITE(102,1086) (1,URCOT{1),VROOTILD o E=KKKyNRODY)
IF(IPATH.EQ.1} GO TO 81

RETURN

WRITE(102,1070) NOPOLY

RETURN

TAPP=[APP¢]

ITER=}

NALTER=0

GO T0O 40

NROOT=NROOT ¢)

TROOT=NRQOT

MUL TINROOT)=1

NOMULT=NOMULT#1

URDOT{NROOT) =UX4

VROGT(NROOT ) =VX4
URAPP(NROOT 41} =UAPP( IAPP, 1)
VRAPP(NROOY, 1) =VAPPLIAPP 1)

URAPP {NROOT, 2)=UAPPL 1APP, 2}
VRAPPENRODT.2)=VAPP{IAPP,2}



0101
0102
0103
0104
0105
0106
0107
0108
0109
ole
0iil
0112
0113
o114
011§
0116
o117
olils8
0119
0120
0121
0122
0123
0124
0125
0126
0127
o128
0129
0130
0131
0132
0133
0134
0135
0136
0137
0138
0139

0140
014l
0142

0143
0144
0145

0146
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TABLE F.III (Continued)

URAPPINROOT o 3y=UAPP{ 1APP,3)
VRAPPINROOT :3)=VAPP({I1APP,3}
125 YF{NOMULT.LT.NP} GO TD 130
GO TO 80
130 CALL HORNER{NWORK o UHORK ; VHORK o UX%oYX4,UB VB, UPX4:VPX4)
NWORK=NWORK-1
KKK=NWORK#1
DO 140 [=1,KKK
UWORK{ T)=UB{I)
140 VWORK{I)=VBII}
CALL HORNERINWORK s UMORK , YWORK s UX 4 s YX4 4 UB s VB o UPX & VPX4)
CCC=DSQRT(UPXLEUPRL +YPXL*VPX4 )
IF{CCC.LTEPSM} GO TO 150
IF{NWORK .GT -2} GO TO 75
1R00T=NROOY
KKK=NWORK#+1
DO 145 [I=1,KKK
UB{ 1} =UWORKI{KKK+1~1}
145 VBIU1)=VWORK{KKK#1-1}
CALL QUADINMORK,UB,V8,NROOT,UROOT, YROOT . MULT )
GO 7O 80
150 MULT{NROOT)=MULT{NROOT)+#1
NOMULT=NOMULT+1
GO TO 125
110 UXl=ux2
VX1=VYX2
Ux2=uUx3
VX2=VX3
uUx3=uxs
¥YX3=VX4
UPX1=UPX2
VPX1=vPX2
uPXx2=upPx3
veXx2=vPX3
UPX3=UPX4
VPX3=VPX4&
ITER=]ITER*]
GO TO 50
1090 FORMAT(///:1Xo65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
LZERDS WERE FOUND//)
1080 FORMAT(///1X,13HROOTS OF Q{X),83X, 21HINITIAL APPROXIMATION//)
1070 FORMAYT(//:43H NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER .12}
1086 FORMATI(2X:SHROOT{s12,4H) = 4D023,1653H ¢+ 4D23.16,2H 1,19X,23HSOLVED
1 BY DIRECT METHOD)
1035 FORMAT(3XoA2,12,4H) = 9D23,1693H + 4D23.1642H 1}
1050 FORMAT(82X,023.16,3H ¢+ 2023.,16,2H 1/782X:023.16.3H ¢ ,D23,1642H 1/}
1085 FORMAT(2X,5HROOT{¢E2 4H) = sD23.16:3H ¢ 4023.16,2H 1,18%Xs023,16,3H
1 ¢+ 4D23.1642H 1)
ENOD
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TABLE F.III (Continued)

SUBROUTINE BETTER{UA,VA, NP,URDOT, VROOT o NROOT 5 URAPP , VRAPP o IRDBT s HUL
T
BESFASERERRFLHELRSE PR ARSI SN SLUBBERER R AE S S SIS B LSR5 RS ARG SEBEFBE
& L]
% SUBROUTINE BETTER ATVEMPTS TO IMPROVE THE ACCURACY OF THE LERDS FOUND &
% BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER®S METHOD APPLIED TO =
L
&
L

# THE FULL, UNDEFLATED POLYNOMIAL.
="

SREBERTEFRE IR FRR R EEBFRESERSAB LR PR R E SRR ARV R R TSR IR RS RIS S E B RERS G S S L PSR

DOQUBLE PRECISION UROOT,VROOT;UAy VA UBAPP s VBAPP ,UX] V¥ X1oUX2,VX2,UX3
1+VX3,UPKL,VPRXLoUPX2, VPX2,UPX3,VPX3,UBoVBURDBOTS;VROOTSoEPSRT UX4% ¥
2X4 s URAPP y VRAPP o EPSOoEPSoUQG oV Q4 o UH3 ) VH3

LOGICAL CONV

DIMENSION UROOT{25),VROOT{25) UA(26)sVA(26) ,UBAPP{25,3),VBAPP{25,3
1),UBI261,VBI26) ,;URD0TS(25) s VROOTS(25) ;URAPP{25,3) o VRAPPI25:3).MULY
3{25)

DOUBLE PRECISION EPS1,EPSM

COMMON EPSRT4EPSL,EPS)EPSOEPSM, 102, MAX

[F(NROOT.LE.1) RETURN .

L=0

DO 10 I=1.NROOT

UBAPP{ 1, 1)=URDOYT(I)*EPSRT

VBAPP(I,101=VROOT {1 )*EPSRY

UBAPPIT,2)=URDOT(I)

VBAPP{I,2)=VROOTLI])

UBAPP(1,3)=URCOT(II*{2.0-EPSRT}

10 VBAPP{I,3)=VROOT(1)*{2.0-EPSRT)

DGO 100 J=1,NROOT

UX1=UBAPP(Js1)

VX 1=VBAPP(J, 1)

UX2=UBAPP(J,2}

VX2=VBAPP(J,:2)

UX3=UBAPP{J,3)

VX3=VBAPP{J,3)

ITER=1

CALL HORNERINP,UA,VAUXL,VX1,UB,VBUPX1,VPX1}
CALL HORNERINP,UA,VAsUX2:VX2,UBVByUPX2,VPX2)

20 CALL HORNER(NPUA,VA,UX3,VX3,UB.VB,UPX3,VPX3)

CALL CALCHUX1,VX1,UX29VX2oUX3VX32UPXLyVPX1,UPX2,VPX2,UPX3yVPX3,UX
149 VX4,UQ4,VQ4,yUH3, VH3 )

30 CALL TESTIUX3,VX3,UX4,VX4,CONV)

IF(CONV) GO TO 50

IFCITER.LT.MAX}) GO YO 40
WRITE(102,1000) J,URDOT(J);VROCT{J) MAX
WRITE(IO2,1010}) UX4,VX4

IF(J.LT.IROOT) GO TO 33

IF{J.EQ.IROOTY GO YO 35

GO 70 100

33 KKK=IROOT-1

DO 34 K=J,KKK

URAPP(Ky1)=URAPP(K¢l,s1)
VRAPP{K, 1}=VRAPP{K+1,1}
URAPPIK,2)=URAPPIK+1:2)
VRAPP{K,2)=VRAPP{K+1,2)
URAPPIK, 3)=URAPP(K+1,3)

34 VRAPP{K;3)=VRAPP{K+]l,3)
35 IROOT=IROOT~1

GO 10 100
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TABLE F.II1I (Continued)

40 UX1=Ux2
VX1=VX2
UX2=UX3
VX2=VX3
UX3=UX4
VX3=VX4
UPX1=UPX2
VPX1=VPX2
UPX2=UPX3
VPX2=YPX3
ITER=ITER#1
GO TO 20
50 L=L+¢l
UROOTS L) =UX4
VROOTS (L) =VXé4
100 CONTINUE
IF(L.EQ.0} GO TO 120
DO 110 [=1,L
UROOT{1)=URDOTSTI)
110 VROOT(I)=VRODTS{1}
NROOT=L
RETURN
120 NROOT=0
RETURN
1000 FORMAT(///42H IN THE ATTENPT TO IMPROVE ACCURACY, ROOT{,12,4H} = ,
1D23.16,3H + 023.16,2H 1/24H DID NOT CONVERGE AFTER ,13,11H ITERAT
210NS)
1010 FORMAT {30H THE PRESENT APPROXIMATION IS ,023.1643H ¢ ,023,16,2H 1/
V2]
END
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TABLE F.III (Continued)

SUBROUTINE ALTERTIXIR pK11 ¢ X2R 9 X209 XIRp XIT o NALTERGITIME)

247

BEREEBERFBEEEFASE R FARRBRRERFREREEBERAEEIEERPB R R CABBRE P SR RASR P RN GG RHABRB B

&

#* SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO

&
*

&
&

CONVERGENCE TO A ZERD. THIS IS DONE A MAXIMUM OF S5 TIMES FOR EACH ROOY., ¥
]

SRR EEEPRREEE R SRR B RBERRRLRERRRERERpREERBEEURRE RS E AR UFE R RRRERSRREREHBHEE

10

20

30

40

50

1020 FORMAT {1HQ,5HX1

DOUBLE PRECESION XIRoKLEoX2RoX21oXIRoXIIoEPSL.EPS2,EPSIsRoBETA

DOUBLE PRECISION EPS4.EPSS

COMMON EPS1,EPS2,EPS3,EPS4H EPSS 9 1020 MAX
IF(ITIME.NE.O} GO TO 5 ’
ITIME=]

HRITE(102,1010F MAX

IFINALTER.EQ.0) GO TO 10
WRITE{102,1000) XIRoX1EoX2R:X219X3RsX3I
GO T0 20

R=DSQRT {X2R#*X2R#X2I*X21}
BETA=DATAN2{ X2, X2R}

WRITE(102,1020) X1IR¢X1IsX2R,X21 ,X3RsX31
MALTER=NALTER®]

IF(NALTER.GT.5) RETURN

GO TO (30,400:30,40,30),NALTER

X2R=-X2R

X21=-x21

GO Y0 50 .

BETA=BETA®1.064T71976 .

X2R=R*DCOS(BETA)

X2T=R*DSEN(BETA}

X1R=0,9%X2R

X1i=0.9*X21

X3R=1. 1¥X2R

X31=1.1#%x21

RETURN

1000 FORMAT (1Xo5HXE = 4D23.1643H ¢ 4023.1692H §,10%,22HALTVERED APPROXIM
LATIONS/1XsSHX2 = 9023.1653H + 4D23.1642H [/1Xs5HA3 = ¢D23,1653H ¢

2+D23.1692H 1/)

2 §D23.1652H 17}

1010 FORMAY(/7//71X,54HND CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF

LTER oI13,12H ITERATIONS.//)
END

= 3D23.16:3H ¢ oD23.164+2H 1,20X,22HENITIAL APPROX!
TMATIONS/1X,5HX2 = 4D23.1653H # 5D23.1692H 1/71Xe5HX3 = 2D23.1653H ¢
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SUBROUTINE GENAPP{APPR,APPI,NAPP, XSTART})

248

BRRRA ARk b d R g bR Ed R R kR AS RS S E R ARG PR b EB SR AEBERIS AR EBRRBEILLGE SRS RAGEI GO Y

#*

=
*

% SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE M ES THE

DEGREE OF THE ORIGINAL POLYNODMIAL.

®
&
&

&

FeeRERX RIS R R R PR ARR SRR BXERREEEL RIS RFBIE R XSS RS AGER SRR XSG EBH LR GRS ESEHS

10

20

DOUBLE PRECISION APPR,APPI;XSTART,EPSL.EPS2,EPS3,BEVA
DOUBLE PRECISION EPSRT,EPS4

DIMENSION APPR{25,3) 4APP1{25,3)

COMMON EPSRT,EPS1,EPS2,EPS3,EPS4,102,NAX
IF{XSTART.EQ.0,0} XSTART=0.5
BETA=0.261799%

DO 10 I=1,NAPP

APPR{I 22D =XSTART*DCOSIBETA)
APPI{I,2)=XSTART=*DSIN{BETA)
BETA=BETA#0.5235988

XSTART=XSTART+0,5

D0 20 1=1.NAPP

APPRUIs1)=0.9%APPR{],2)
APPI{I1)=0,9%APPI1],2)
APPR(I,3}=1.1%APPR( 1,2}
APPI(I,3)=1.,1%APPI{1,2}

RETURN

END
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TABLE F.III (Continued)

SUBRDUTTNE TESTOUX3 ,¥X3 yUX% s VX4 ¢ CONV)
e e R ER R bR R AR R RR R IR GRS E NG R EEPEPERP R YR AR R AL R RS A IR R RE QRS
* &
& SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- ®
+ [MATIONS BY TESTING THE EXPRESSION ®
* ABSOLUTE VALUE OF {X(N+1)-X(N)}/ABSOLUTE VALUE OF X{N#1}, *
% WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE 1S OBTAINED. 5
& . *
B R R E R R R YRR R R AR RN BTG R R SRS TR A G LR E AR LRGeS RS SRR R R SRR

DOUBLE PRECISION UX3.VX3;UX4, VK4 EPSRTEPSOsEPS,AAA; UDUMNY , VDUMMY

LDENOM

LOGICAL CONV

DOUBLE PRECISION EPS1,EPSM

COMMON EPSRT4EPSL, EPS,EPSO,EPSM, 102, MAX

UDUMMY =UX4~UX3

VDUMMY=VX4-VX3

AAA=DSQRT { UDUMMY % UDUMMY +VDUMMY &V DUMMY )

DENOM=DSQRT {UX4*UX4+ VX4*VX4)

1IF{DENOM.LT.EPSO) GO TO 20

IF(AAA/DENOM.LT.EPS) GO TO 10

5 CONV=.FALSE.

G0 10 100
10 CONV=, TRUE.
GO TO 100
20 IF(AAALLT.EPSO)} GO TO 10
G0 T0 5 :
100 RETURN
END

SUBROUTINE HORNERINAyUA; VA, UX VX s UBVB,UPX,VPX]
ERRERRARRLRTESRE RS RRSEREX RS SEERFARLEERRRA R B R R R RRT R FERER RS XN KB dR RS Sk b ddoh ok
# &
& HORNER®S METHOD COMPUYES THE VALUE OF THE POLYNOMIAL "P{X} AY A POINY D, #
® SYNTHETIC DIVISION IS USED TO DEFLATE THE POLYNOMIAL BY DIVIDING OUT THE #*
#* FACYOR (X-Dl. #*
# %
EPRERAESRABEEREAEE R RS ASRFF AR SR AR R G OERE S BT RSN BABREFRRFAERBBEEEHHBEER RSB ST L

DOUBLE PRECISION UX,VXsUPX,VPX,UB,VBUA,VA

DIMENSION UA{26),VAL26),UB(26),VB{26)

us(i)=uA(l)

vB{1li=vA{l}

NUM=NA+1

DO 10 I=2,NUM

UBTII=UA(E) ¢ (UBLTI~L)*UX~-VBLEI-1)*VX)
10 ¥BULI)=VALTL) #{VBLI-1)*UX+UB(I-1}%VX)

UPX=UB { NUM)

VP X=V8 { NUM)

RETURN

END
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TABLE F.III (Continued)

SUBROUTINE CALC{UX1oVX1oUKX2,VX2oUX3,VX3,UPXAL,VPXL,UPX2,VPR2,UPX3 .V
SEESEEREEREEE SRR A SRR SRR SRS R EEEERARFEARNAERERLIS SRR E AR ERESFLERSLBEABERER

&
GIVEN THREE  APPROXIMATIONS X(N-2}, X{N-1), AND X{N}, SUBROUTINE CALC #
APPROXIMATES THE POLYNOMIAL 8Y A QUADRATIC AND SOLVES FOR THE ZERD OF “
THE QUADRATIC CLOSEST TO X{N}. THIS ZERO IS THE NEW APPROXIMATION #
XIN®1} VO THE ZERO OF THE POLYNOMIAL. *

*

*

HATRE AR E R R FAR ST R R AR RE SR TG ARG R AR EE R AP AR SIS EEERAS AR IR S plR B R EpRGRE S
1PX3,UX4sVX4,UQ4s VQ4 s UH3VH3)

DOUBLE PRECISION ARGL.ARG2

DOUBLE PRECISION UPX3oVPX3,UPX2oVPX2oUXL VXL UX29VX25UX3oVX3oUPXL,
LVPX1UH3 s VH3 sUH2 ; VHZ oUQ3,VQ3,UD: VD, UBs VB, UC VC,UDISC, VOISC,UCCC L VC
2CC s UDENL ¢ VDENL JUDEN2 o VOE N2 sUQ4 s VQ4 U X4 1V X4 EPSRT, EPSQ,L,EPS ,UDDD VDD
30D, AAA,BBB,RAD, UAAA,VAAA,UBBB, VBEB

DOUBLE PRECISION THETA,ANGLE,UTEST,VTEST

DOUBLE PRECISION EPS1,EPSM

COMMON EPSRT,EPS1, EPS,)EPSO,EPSM, 102, MAX

UH3=UX3-UX2 ’

VH3=yYX3-VX2

UHZ=UX2-UX1

VH2=V%2-VX1

BBB=UH2%UH24VH2%VH2

UQ3={UHA*YH2 ¢VHI*VH2 ) /BBB

VQ@3={VH3%UH2-UH3%VH2) /BBB

UDDD=1.0+UQ3

vODD=vQ3

UD=(UPX3-({UDDD*UPX2-YDDD*VPX2) )+ {UQ3+UPX1-VQ3*VPX1}

VD={VPX3-(VDDD*UPX2+UDDD#VPX2]} +(VQI*UPX L+UQI*VPXL)

UAAA=2,0%UQ3

VAAA=2,0%VQ3

UAAA=UAAA+] O

uBB8=UNDD*UDDO-VDDD*VYDDD

vB888=vDDD*UDDD+UDDD*VDDD

UCCC=uQ32*Q3-VQ34vQ3

VCCC=VvQ34UQ3+UQ3+vQ3

UB= { tUAAARUPXI-VAAARVPA3)~(UBBB*UPX2-VBBB*VP X2} )+ {UCCCHUPX1-VCCC*Y
1PX1)

VB={ (VAAAXUPXI¢UAAA*VPX3}~{VBBB*UPX2+UBBBSYPX2) M+ (VCCC*UPX] 2UCLCRY
1Px1}

UC=UDDD*UPX3-VDDO*VPX3

VC=VYDDD*UPX3+UDDD*YP X3

UDISC={UB*UB-VB*VBI-{4,0%{UD*UC-VD%V(C))

VOISC={2,0%(VB*UB) }~{4.0%{ VDO*UC+UD*VYCY)

AAA=DSQRT{UDISC*UDISC+VDEISC#VDISC)

IFL{AAA.EQ.0.0) GO TG 5

60 10 7

5 THETA=0.0

GO T0 9
7 THETA=DATAN2(VDISC,UDISC)

9 RAD=DSQRT{AAA}

ANGLE=THETA/2.0
UTEST=RAD*DCOS(ANGLE}
VIEST=RAD*DS INTANGLE)
UDENL=UB¢UTEST
VDEN1=VB#+VTEST
UDEN2=UB-UTEST
VOEN2=VB-VTEST



0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
€058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068

10

50

60

TABLE F.III (Continued)

ARG1=UDEN1®*UDENL+VDENL*VDENL
ARG2=UDEN2+UDEN2¢+VDEN2*VDEN2
AAA=DSQRT { ARGL }

88B8=DSQRT{ARG2)

IF(AAA.LT.BBB} GO TO 10
IF(AAA.EQ.0.0) GO TO 60
UAAA=-2,0%UC

VAAA=~2,0%VC

UQ4={UAAA*UDENL ¢VAAAXVDENL )/ ARGL
VQ4=(VAAA®UDEN1~-UAAA®*VYDENL}/ARG]
GO 70 50

IF(BBB.EQ.0.0) GO TO 60
UAAA=-2,0%UC

VAAA=-2,0%VC
UQ4={UVAAASUDEN2¢VAAARVDEN2) /ARG2
VQ4={VAAA*UDEN2-UAAA*VDENZ ) /ARG2
GO 70 50

UX4=UX3+{ UH32UQ4~VH3I*VQ4)
VX4=VX3+(VH35UQ4 +UH3 *VQ4)

RETURN

UQ4=1.0

VQ4=0,0

GO TO S0

END
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0001

0002
0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
ools
0019
0020
0021
0022
0023
0024
0025

oo n

TABLE F.III (Continued)

‘SUBRBUTTNE COASOT HUX s VHUY VY )

252

BER SR PR BRREFE A RER R ERE R RS RTBREBEEE L2 22 eREE

®
#
&

THIS SUBROUTINE COMPUTES THE SQUARE RUOOT OF A COMPLEX NUMBER.

L L 2]

AABFEERERFREAXERRERFEEB RS HS R ALk RIFR LR SRR eR R ok hph RN

10

20
30

40

50

60

100

DOUBLE. PRECISTON UXeVXsUYy VY DUMMY pR2AAA,BBB
R=DSQRT(UX*UX+VX2VX)
AAA=DSQRT{DABS{{R+UX)/2.0}}
BBB=DSQRT{DABS({R-UX}/2.0}}
IF(VX) 10,20,30

UY=AAA

VY¥=-1.0%BBB

GO 10O 100

IFLUX) 40,5060

UY=AAA

VY=B88

GO TO 100

DUMMY=DABS{UX}

Uv=0.0

VY=DSQRT { DUMMY )

GO 10 100

UY=0.0

VY=0.0

GO TQ 100

DUMMY=DABS (UX}
UY=DSQRT { DUMMY)

VY=0.0

RETURN

END
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APPENDIX G
REPEATED G.C.D. — NEWTON'S METHOD
1. Use of the Program

A double precision FORTRAN IV program using the repeated G.C.D.
method with Newton's method as a supporting method is presented here.
Flow charts for this program are given in Figure G.é while Table G.III
gives a FORTRAN IV listing of this program. Single precision variables
are listed in Table G.II. The single precision variables are used in
the flow charts and the corresponding double precision variables can
be obtained from Table G.II.

This program is designed to solve polynomials having degree less
than or equal to 25. 1In order to solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Table G.I
must be -changed.

In this program both the leading coefficient and the constant

coefficient are assumed to be non-zero.
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TABLE G.I

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY THE REPEATED G.C.D. - NEWION'S METHOD

Main Program

Data Entry/l1H1,1H2,...,1H9,2H10,2H11,...,2HXX/where XX = N+1
UP (N+1), VP (N+1)
UAPP (N), VAPP(N)

UDO (N+1), VDO (N+1)
UDDO (N+1), VDDO(N+1)
UD1(N+1), VDL (N+1)
UD2(N+1), VD2(N+1)
UDD1 (¥+1), VDD (N+1)
UG(N+1), VG (N+L)

UD3 (2N+1) , VD3(2N+1)
UD4 (2N+1), VD4 (2N+1)
UZROS(N), VZROS(N)
UAP(N), VAP (N)

UROOT (N) , VROOT(N)
NULT (N)

" ENTRY (N+1)

Subroutine PROD

UH(2N+1), VH(2N+1)
UF(N+1), VF(N+L)
UG(N+1), VG(N+1)

Subroutine ZROS

UAPP(N), VAPP(N)
UROOT(N), VROOT(N)
UQ(N+1), VQ(N+1)
UQQ(N+1), VQQ(N+1)
UAP (M), VAP(N)
UQD(N+1), VQD(N+1)
ENTRY (N+1)
UROOTS(N), VROOTS(N)

Subroutines GENAPP, GCD, NEWTON, DIVIDE,
HORNER, and DERIV

See corresponding subroutine in Table E.I.
Subroutine QUAD

UROOT (N), VROOT (N)
UA(N+1) , VA(N+1)
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2. Input Data for Repeated G.C.D. - Newton's Method

The input data for repeated G.C.D. - Newton's method is prepared
as described for G.C.D. - Newton's method in Appendix E, § 2 except
that the item EPS4 on the control card (Figure E.2) is omitted. An
example control card for the repeated G.C.D. - Newton's method is

given in Figure G.1.
3. Variables Used in Repeated G.C.D. -~ Newton's Method

The definitions of variables used in repeated G.C.D. - Newton's
method are given in Table G.IIL. For definitions of variables not
listed in this table, see the main program or corresponding subprogram
of Table E.VI. The notation and symbols used are defined in Appendix E,

§ 3.
4. Description of Program Qutput

The number of the polynomial, control data, degree and coefficients
of the polynomial are printed as described in Appendix E, § 4,

All roots of multiplicity one are extracted first. Following the
first row of asterixes, the message "THE FOLLOWING POLYNOMIAL, G(X),
CONTAINS ALL THE ROOTS OF P(X) WHICH HAVE MULTIPLICITY 1." This is
followed by the coefficients of G(X) with the leading coefficient
listed first. If there are no roots of multiplicity one, then the
message ''NO ROOTS OF MULTIPLICITY ONE" is printed.

The roots of G(X) are printed under the heading '""ROOTS OF G(X)."
These are the roots obtained before the attempt to improve accuracy.
The initial approximations producing convergence to the corresponding

root are printed under the heading "INITIAL APPROXIMATION.'" The



256

message ''RESULTS OF SUBROUTINE QUAD" means that the corresponding root
was obtained from subroutine QUAD.

The roots found as a result of attempting to improve accuracy are
printed under the heading '"ROOTS OF P(X)." Their multiplicity is given
under the heading "MULTIPLICITIES." The initial approximation is
printed above where '"NO INITIAL APPROXIMATION" means the sgame as
"RESULTS OF SUBROUTINE QUAD."

A line of asterixes is then printed. This procedure is then
repeated for the roots of multiplicity 2,3,4, etc. until all roots have

been found.

5. Informative Messages and Error Messages

The informative messages and error messages for repeated G.C.D. -
Newton's method are given below. For those not listed, see Appendix E,
§ 5.

""NOT ALL ROOTS OF THE ABOVE POLYNOMIAL, G, WERE FOUND." This
message indicates that some of the roots of the polynomial G(X) were
not extracted.

""QUAD FOUND XXX TO BE A MULTIPLE ROOT." XXX represents the value

of the root found as a multiple root by Subroutine QUAD.
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XSTART
KEND
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Figure G.2,

4

NOPOLY, WP, NAFP)

MBx , EPS), EPS2, <,._@
EPS3, XSTART

MAIN PROGRAM

| CRLL GENAPP |
APP, NAPP,
XSTART

> NP, g’tli" ‘s

DI, Nl
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Flow Charts for Repeated G.C.D.-Newton's Method
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0001

0002
0003
0004

0005
0006
0007
0008

0009
0010
0011
0012

0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040

OO0 0

TABLE G.III

270

PROGRAM FOR REPEATED G.C.D.-NEWION'S METHOD

AR R R RRR PRI R AR AR RS S LR SRR ER AR LSS ERBF X FRER AR R R e R R h SR p e Ehh b iok&y

&
&
%
&
%
&«
*
%
*®

DOUBLE PRECISION PROGRAM FOR THE REPEATED G.C.D.

- NEWTON®S METHOD

THIS METHOD REPEATEDLY FINDS THE GREATEST COMMON DIVISOR OF TWO

MULTIPLICITY USING NEWTON®S METHOD. ALL ZEROS OF MULTIPLICITY }
ARE EXTRACTED FOLLOWED BY THOSE OF MULTIPLECITY 2, ETC.

#
&
%
*
POLYNOMIALS [N ORDER TO EXTRACT THE ZEROS IN GROUPS ACCORDING TO &
%
*
%*
%*

AR A R ROk AR AR R Al A R R e e ok R lOK o o e g ok o o e ol oot
DOUBLE PRECISION EPS1.EPS2:EPS3,UP:VP,UAPP,VAPP ,UDO;VDO,UDDO,VDDO,
1UD1,VD1,UD2,VD2,UDDL V001 UG, VG,UD3,VD3,UDG, VD4 UZROS: VZROS ;UAP;VA

2P ,UROOT, VROOT, DENOM
DOUBLE PRECISION XSTART
O0UBLE PRECISION XEND

DIMENSTON ANAME(2),UP(26),VP(26),UAPPL25),VAPP{25),UD0(26),VDOL26)
1, UDDO(261),VDDOL 261 ,U01(26),VDLL126),UD2(26),VD2(26),UDDL{26),VDDL(2
26),UG(26),VGI26),UD3(51),VD3(51),UD4(51),VD4(51),UZROS(25),VZROSI(2
351, UAP{25) ; VAPI25) yURODT(25) 4 VROOT (25}, MULV(25),ENTRY(26)

COMMON EPS1,EPS2,EPS3,102,MAX
DATA ASTER/&4H:*%%/
DATA PNAME,GNAME/2HP (» 2HG(/, DINAME /3HDA (/

DATA ENTRY/1HL o 1H2oLH3,1H4 9 1HS o 1HO ¢ 1HT 1 HB , 1HI 9 2H10,52H11,2H12,2H13
Le2H1432H1542H1642H1742H18,52H19, 2H2092H2192H2242H2342H2492H25+2H267

DATA ANAME{L),ANAME(2) /4 HNEWT ;4 HONS /
101=5
102=6

1 READIIOL,1000) NOPOLY NP NAPP ,MAX,EPS],EPS2,EPS2,XSTART s XEND,KCHEC

22
23

1K

TF{KCHECK.EQ.1) STQP

WRITE{102,1020) ANAME(1),ANAME(2},NOPOLY
WRITE(102,2000) NAPP

HRITE{102,2010} MAX

WRITE(102,2070) EPS1

WRITE(102,2020}% EPS2

WRITE(102,2080) EPS3

WRITE(102,2040) XSTART

WRITE(102,2050) XEND

WRITEL102,2060)

KKK=NP+1

NNN=KKK+1

00 5 [=14KKK

JJJ=NNN-1T

READUIOL,1010) UPLIII),VPLIII)
IF(NAPP,NE, O} GO TO 22

NAPP=NP

CALL GENAPP{UAPP,VAPP,NAPP,XSTART}

GO TO 23

READ(IOL,1015) (UAPP(I)} ,VAPPLI},1=1,NAPP)
WRITE(IO2,1030) NP

KKK=NP¢+1

NNN=KKK+1

DO 8 I=1 ;KKK

JJJI=NNN-1

WRITE{102,1040) PNAME,ENTRY(JJI)4UPLIII)VPIJIIY
K=0

KD=0



0041
0042
0043
0064
0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
Q075
0076
0077
0078
0079
ooao

0081
0082
0083
0084
0085
0086
0087
0088
0089
0090
0091
0092
0093
0094
0095
0096
0097

10

20

30

40
50
60
70

80

85

90
100

110

112

120

130

140
150

TABLE G.III {(Continued)

J1=1

KKK=NP+1

DO 10 [=14KKK

unotii=ueil)

vooti)=vP(i)

NDO=NP

CALL DERIVINDO,UDO,VDO,NDDO,UDDO,VDDO)

CALL GCD(NDO,UDO,VDO,NDDO,UDDOoVDDO ¢NDL,UDL,VDL)
WRITE(ID2,3000) (ASTERyI=1,33)

IF(NDl.LE.1) GO TO 30

GO TO 40

uD2(1)1=1,0

vD2(11=0.0

ND2=0

GO Y0 50

CALL DERIV{ND1,UD1,VD1,NDD1,UDDL,VDD1)

CALL GCD(ND1,UD1,VDL ¢NDDL,UDD1¢VDD1,ND2,UD2,VD2)
IFINDO#ND2.LE,2%ND1) GO YO 60

GO YO 70 .

WRITEL]02,1025}) 41

GO 7O 170

IF{ND1.EQ.O0) GO TO 80

GO 10 90

KKK=NDO+¢ 1

DO 85 I=1,KKK

UGt I=unot 1)

VG(TI)=vDOLI)

NG=NDO

GO VO 110

IF(ND2.EQ.0) GO TO 115

CALL PROD(NDO,UDO;VDOND2,UD2,VD2,ND3,UD3,VD3)
CALL PROD(ND1,UDL,VDLsNDL,UDL,VD1lyND4,UD4, Y04}
CALL DIVIDE(ND3 UD3,VD3,ND4,UD4,VYD4:NG,UG»VG)
WRITE(102,1035) J1

KKK=NG+1

NNN=KKK+1

DO 112 [=1,KKK

JJJI=NNN-1I

WRITE(102,1040) GNAME ENTRY{JJIIIsUGLIII}VGLIII)
CALL ZEROS{NGyUG,VG)NAPP UAPP s VAPP, JoUZROS,VIROS o JAP,UAP VAP, ENTRY
1 s XSTART , XEND)

IF(J.EQ.0} GO 7O 150

WRITE(I02,1180)

EF(JAPL,EQ.O0) GO TO 120

GO TO 130

KKK=NDO+1

DO 116 I=1,KKK

uo3(I)=unoti)

VO3(1)=vDOo(l}

NO3=NDO

GO 7O 100

KKK=JAP+]

WRITE(102,1085) (1,UZROSUID}.VZIROS(I) oJLoI=KKKoJ}
GO TO 140 :
WRITE{IO2,11903 (X UZROSTI)VIRDSE DIl UAPLTIBoVAPIE) =l JAPD
IFLJAPLT.J) GO TO 120

IF{J.EQ.NG} GO YD 155

WRITE(102,1095)
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0123
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TABLE G.III (Continued)

IF{J.EQ.0) GO TO 170
155 DO 160 I=1,J
URCOT{KD+1)=UZROS( 1}
VROOTIKD+I)=VZROS()
160 MULTIKD*I)=J1
R={J#J1) 4K
KD=KD+J
IF(K.GE.NP) GO 70 1
170 Jl=Jl+l
IF{NDL.LE.1) GO TO 200
DO 180 [=1,NDL
UDO(E)=UD1( 1}
VOOt I)=vDI(I)
UDDO L1 )=UDDLLT)
180 VDDO(13)=VDDL{I)
UDOIND1+1)=UD1I{NDle1)
VDO (NDL+1 }=VD1 (ND1+1)
NDO=ND1 '
NDDO=NDD1
KKK=ND2 +1
DO 190 1=1,KKK
unLCIY=uD2( 1}
190 VOl(I)=vD2(1}
ND1=ND2
GO YO 29
200 IFINDL.EQ.0) GO TO 1
KD=KD+1
DENOM=UD1{2)#UDL(2)+VDL{2)*%VD1( 2}
URCDTIKD) ={~UDL L1 I*%UDL{2)-VDL {1 ) *VD112)}/DENDM
VROOT{KDI={~-VDL(1)#U0DL{2)+UDL(1I*VDL(2)}/DENOM
MULTIKD)=J1
WRIFELI02,3000) (ASTERs;I=1,33)
WRITE(102,1035) J1i
KKK=ND1¢1
NNN=KKK +1
DO 210 I=1,KKK
JII=NNN-1
210 WRITE{102,1100) DINAMEENTRY(JJJ)cUDL{ISI} ,VDLEJSI)
WRITE(102,1180)
WRITE(102,1085) KD,UROGT(KD) ;VROOT{KD),J1
GO YO 1
1020 FORMAT(1H1,10X,4BHREPEATED USE OF THE GREATEST COMMON DIVISOR AND
LoA%sA4,58H METHOD YO EXTRACT ROOTS AND MULTIPLICITIES OF POLYNOMIA
2LS/ 14X, 1 8BHPOLYNOMIAL NUMBER oE2///)
1025 FORMAT{//71%X.25HNO ROOTS OF MULTIPLICITY ,12/7)
1035 FURMAT(///1X.87THTHE FOLLOWING POLYNOMIAL, GUX}, CONTAINS ALL THE R
100TS OF P{X) WHICH HAVE MULTIPLICITYY 127/}
1085 FORMAT{2X,SHROOT (502,4H) = ,D23.163s3H ¢ ,D23.1692H E,7TAs12,18X,25H
INO INITIAL APPROXIMATIONS)
1095 FORMAT{///1%.51HNOT ALL ROOTS OF THE ABOVE POLVNOMIAL .G, WERE FOUN
10//7)
1000 FORMAT{3(I2:1%X),9%s [3,1%53(D6.0,1X%)¢20X,2{DT001X)11)
1010 FORMAT{2D30.0}
1015 FORMAT(2D30,.0}
1030 FORMAT(L1X,22HTHE DEGREE OF PI{X} 1S ,12,22H THE COEFFICIENTS ARE//
1)
1040 FORMAT (2X,A29A2,4H) = sD23.16,3H + ,D23.16,2H 1)
1100 FORMATI{2X,A3,A2,4H) = ,023.16,3H + 9D23.16,2H 1}
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TABLE G.III (Continued)

1180 FORMATL/771X,13HROOTS OF PIX}52X, L4HMULTIPLICIVIES, 17X 21 HINITIAL
1 APPROXIMATION//)

1190 FORMAT(2X,5HRIOT(91244H) = 3D23.1693H + »023,16+2H [,TX,12,7X,023.
116.3H ¢ ,023.16,2H 1}

2000 FORMAT{LX,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 12}

2010 FORMAT(1X,29HMAXIMUM NUMBER OF ITERATIONS.,11X,13)

2020 FORMAT(1X321HTEST FOR CONVERGENCE.s13X:D9.2)

2040 FORMAT(1X,23HRADIUS TO START SEARCH,»11X,D9,2)

2050 FORMAT(1X,21HRADIUS TO END SEARCH.;13X:D9.2)

2060 FORMAT(//1X)

2070 FORMAT(1X,;34HTEST FOR ZERO IN SUBROUTINE GCD. 4+D9.2)

2080 FORMAT{1X,34HTEST FOR ZERO IN SUBROUTINE QUAD. ,D9.2)

3000 FORMATU///7//71%X:A3532A4)
END
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TABLE G.III (Continued)

SUBROUTINE PROD(M,UF ¢ VF; NoUG s VG ¢ MN s UH, VHY
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GIVEN POLYNOMIALS RUX} AND S(X)y THIS SUBROUTINE COMPUTES THE

# COEFFICYIENTS OF THE PRODUCT POLYNOMIAL T(X)
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®
%
&®
*

LR R R A A i e R e R R R PR L L L I T2 et R i T TR PRI 2 P LT 2T e 2

10
20

40

50
100

DOUBLE PRECISION UH, VHoUF,VF,UG, VG

DlMENSlON‘UN(5llvVH(SlIgUF(Zb)eVF(Zb).UG(Z6|.VG(26B

MN=M#+N

KKK=MN+1

DO 100 I=1,KKK

K=

UH(1)=0.0

VHtI)=0.0

IFIT.LE.M¢1)} GO TO 10

LIMIT=M+]

GO T0 20

LIMIT=1

DO 50 J=1,LIMITY

IF{KGT.N¢+1) GO 7O 50

IF{J+K.EQ.1#1} GO YO 40

GO 10 50

UHUT}=UHC B« LUFT ) #UGIK)-VF(J ) RYGIK) B
VHIT 2VHET ) ¢ (VRS RUGIKI+UFL J I *VGIK S )
K=K~1 .

CONTINUE

RETURN

END

SUBROUT INE GENAPP (APPR,APPI NAPPXSTART)

HAR R AR R R AN BB ERE R ARG RN SR FRRA BB RS RS RAP AR PR AR SR p ST Gk d g R dd

¥

* SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N IS THE

#
#

DEGREE OF THE ORIGINAL POLYNOMIAL.

&
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&
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OOUBLE PRECISION APPR,APPI,XSTART,BETA,

DIMENSTION APPRI25),APPI(25)
COMMON EPS1,EPS2,EPS3,102,MAX
IF(XSTART.EQs0.0) XSTART=0.5
BETA=0,261799

DO 10 [=1,NAPP
APPR{T)=XSTART*DCOS(BETA)
APPI(I)=XSTART#DSIN(BETA)
BETA=BETA+0.,5235988
XSTART=XSTART+0.5

RETURN

END

EPSL.,EPS2,EPS3
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TABLE G.III (Continued)

SUBROUTINE ALTER{XOLDR XOLDI,NALTER, ITIME)
EREERRRDEF RN R RN TR RS A SRR IR R AR LR EF R SR PR E SRR RR RIS S A RH SR SRR L R G HRRS S E RN
. ]
SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO &
CONVERGENCE Y0 A ZERO. THIS IS DONE A MAXIMUM OF S TIMES FOR EACH ROOT., *
*

BEBERREFRRERERERTRERGH *tt#*t#*#t##*##*t**#‘**##tt;ﬁt#*$*‘*##*$##&t*$**##*#$**

10

20

30

40

50
1000
1010

1020

DDUBLE PRECISION XOLDR,XOLDI ABXOLDoBETALEPS1,EPS2,EPS3

COMMON EPS1,EPS2,EPS3,102,MAX

IF({ITIME.NE.O) GO TO S

ITIME =1}

WRITE(IO02,1010) MAX

IF(NALTER.EQ.Q0) GO TO 1O

WRITE(102,1000) XOLDR,XOLDI

GO0 10O 20

ABXCLD=DSQRY ({ XOLDOR*XDLOR I+ {XOLD I#XOLDI}}
BETA=DATAN2{ XOLOI, XOLOR)

WRITE(102,1020) XOLDR,XOLDI

NALTER=NALTER+1 .

IFINALTER.GT «5) RETURN

GO TO (30440+30,40+30)¢NALTER

XOLOR=~XO0LDR

XOLDI=-XOLDI

GO TO SO

BETA=BETA+1.,0471976

XOLOR=ABXOLD*DCOS (BETA)

XOLDI=ABXOLD*DSINIBEYA}

RETURN

FORMAT(1X4023.16,3H ¢ 4023.16,2H 1,10X,21HALTERED APPROXIMATIONY
FORMAT(///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
LTER ,13,12H ITERATIONS.//)

FORMAT{/1X:D23.16,3H + 4D23.1642H [,10X¢2lHINITIAL APPROXIMATION)
END
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120

130

160
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TABLE G.III (Continued)

SUBROUTINE ZEROS{NQsUQ:VQsNAPP,UAPP;VAPP ¢ JURDOT; VROOT s JAP; UAP s VAP
1,ENTRY, XSTART, XEND)
LR T e L L e R e P e A S i 2 i e ay PR s e T L e L Lt

&
NEWTONS METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A . ¥
POLYNOMIAL OF MAXIMUM DEGREE 25 BY COMPUYTING A SEQUENCE OF APPROX~ &
IMATIONS CONVERGING TO A ZERO OF THE POLYNOMIAL USING THE I[TERATION *
FORMUL A H &

X{Nel) = XUIN)-P{XIN})}/PRUX{N)), *
=

*##*####*####****#****#**t*#**#t*t#*t***g**#**t#*#*t#*#*##*t**t#*#*#*#*##*#
DOUBLE PRECISION UAPP,VAPP,URDOT s VROOTUZROsVIRG,UQ s VQs UDUMMY ; VOUM

1MY,UQQ,VQQ, UAP VAP, UQD,VQD, UROOTS , VROOTS o EPS 1, EPS2, EPS3,UAPROX, VAP
2ROX
DOUBLE PRECISION XENDgXSTART
OIMENSION UAPP(25]1 4VAPP(25),URDAT(25),VROAT(25),UQ(261,VQ(26),UQQ¢
126),VQQ{26) yUAP(25) « VAP(25),UQD(26)+VQD(26) ENTRY(26)URQOTS(25) 4V
2RODTS(25)

COMMON EPS1.EPS2,EPS3,102,MAX
DATA QQNAME, QNAME/ 3HQQ(,2HQ(/
LOGICAL CONV

J=0

{TIME=O

IF(NQ.GE.3) GO TO 85

Ga 10 {10

KKK=NQ+1

DO 90 I=1,KKK

uQQII=uQir)

VQQ(Ii=vQ(I)

NQQ=NQ

60 TO 120

CALL QUADING,UQ,VQsJ,URCOT,VROOT)
JAP=0

G0 1O 310

00 200 [=1.NAPP

TALTER=0

UAPROX=UAPP( I}

VAPROX=VAPP(I)

CALL NEWTON{UAPROX VAPROX,NQQ,UQQ;VQQsUZR0O,VZRO,CONV}
IF{CONY) GO TO 160

CALL ALTER(UAPP(T)¢VAPPUI),IALTER,ITIME)
IF{IALTER,GT.5) GO YO 200
UAPROX=UAPP(I)

VAPROX=VAPP{I)

GO T0 130
J=J¢l
UROOTJ) =UZRO
VROOT(J)=VZRO
UAP (J) =UAPROX
VAP (J) =VAPROX
CALL HORNER{UZRO,VZRO,NQQ,UQQ,VQQ,UQD, VQD s UDUMMY s VDUMNY)

D0 180 I1=1,NQQ
UQQIILI=uUQD{I1+1)
vQQUIl)=vQD(I1+1}
NCO=NQQ-1

IF{NQQ.GE.3) GO TO 200
JAP=J

GO TQ 220



0045
0046
0047
0048
0049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
00175
0076
0077
0078
0079
0080
0081
0082
0083
0084
0085
0086
ooa7t
0088
0089
0090
0091
0092
0093
0094
0095
0096
0097
0098
0099
0100
0101
0102

200

205

157
210

220
230

235

240

242

241
245
250

280

300

303

305

TABLE G.IITI (Continued)

CONT INUE

IF(J.GE.NQ) GO TO 205

IF(XEND.EQ.0.0) GO TO 205
IF{XSTART.GT.XEND) GO TO 205

NAPP=NQ

CALL GENAPP(UAPP ;VAPP;NAPPXSTART)

GO TO 120

IFI(NQQ.LE.2) GO TO 210

WRITE(102,1200)

KKK=NQQ+1

NNN=KKK+ 1

DO 157 L=14KKK

JJII=NNN-L

WRITE(I02,1100) QANAMEENTRY{JJIJI) . UQQ4IIJ),VQQ1044)
IF(J.EQ.0) GO TO 310

JAP=J

GO TO 230

CALL QUADINQQ,UQQ5VQQsJsURDOT, YROOT)
WRITE(102,1132)

WRITE{102,1133) (1,URDOTEE),VROOTET)sUAPLE) ,VAPLE) oE=2,JAP)
[E(JAP.LT.J) GO YO 235

G0 YO 240

KKK=JAP+1

WRITE(102,1134) (I,UROOT(1)},VROOT(I)s I=KKKyJ}
J1=0

DO 300 I=1,J

CALL NEWTON(UROOT(I),VROOT{I),NQ,UQ,VQ,UZRO;VYZRO; CONY)
IF{CONV) GO TD 280

WRITE(102,1140) 1.URCOT{I},VROOT (1), MAX,NQ
KKK=NQ+1

NNN=KKK+1

DO 242 £=1,KKK

JJJ=NNN-L

WRITE(102,1040) QNAME,ENTRY{JJI) ,UQ{IJd)VQLISY}
IF(I.LT.JAP) GO TO 241

IF(1.EQ.JAP) GO TO 250

G2 TO 300

KKK=JAP-1

DO 245 11=1,KKK

UAP(11)=UAPLIL+]}

VAP(I1)=VAP(I1+1)

REVENTUES

GO 10 300

J1=d1¢l

URDOTS(J1)=UZRO

VROOTS {41 1=VZIRO

CONTINUE

J=d1l

IF(J.EQ.0} GO TO 305

DO 303 I=1,4

UROOTLI)=UROOTSE 1}

VROOT(I)=VROOTS(I}

60 Y0 310

WRITELI02,1150} NQ

KKK=NQ+1

NNN=KKK+1

DO 306 L=1,KKK

JJII=NNN-L
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TABLE G.III (Continued)

306 WRITE(102,1040) QNAME,ENTRY(JJIJI,UQLIII),VQIIISL
310 RETURN -

1200 FORMAY(//7/1X,TOHCOEFFICIENTS OF THE DEFLATED POLYNGOMIAL FOR WHICH
INO ZEROS WERE FOUND.//)

1132 FORMAT{///1X413HROOTS OF G(X)+84X,21HINITIAL APPROXIMATION//)

1133 FORMAT(2X,SHROOT(s12,4H) = ,D23.1643H & ,D23.1642H [917X3023416,3H
1 # (D23.16,42H 1)

1134 FORMAT(2X,SHROOT{s1244H) = ¢D22.16,3H ¢ ,023,16+2H [,22X,26HRESULT
1S OF SUBROUTINE QUAD)

1140 FORMAYI(//7,1X,404NO ROOTS FOR INIVIAL APPROXIMATION ROOT{,12,4H) =
1 5023.1653H ¢ ,D23.16,2H 1/6H AND ,13,40H ITERATIONS ON THE POLVYN
20MIAL OF DEGREE ,12,18H WITH COEFFICIENTS//)

1150 FORMATI(///41X;45HNO ROOTS FOR THE POLYNOMIAL Q(X) OF DEGREE = .12,
138H WIVH GENERATED INITIAL APPROXIMATIONS//)

1040 FORMAT (2X,A2,A2,4H) = oD23.1603H ¢ ,D23.16,2H 1)

1100 FORMAT{2XyA39A2,4H) = ;D23.1643H + D23,16,2H [)

END
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TABLE G.IITI (Continued)

SUBROUTINE GCDUIN;UR VR MaUS:VSsML,USS,VSS)

279
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GIVEN POLYNOMIALS P{X) AND DP(X) WHERE DEG. DP{X) IS LESS THAN DEG.
P{X), SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVESOR OF PIX) AND

oPiX),

rgkkskk kb ok kR r kR E R R R R R AR E R R Fr IR R R R kg Rk kR kb kR R o Rk

DOUBLE PRECISION USSSSSy VSSSSS

DOUBLE PRECISION URsVR US,VSsUSS:VSSeURRsVRRUD,VD,UT VT EPSLONGEP
152,EPS3,B88
DIMENSION UR(26) ,VRI26),USI26),VS(26),USS(26),VSS{26),URR{26),VRRY
1261 ,UT{26),VT{26)

COMMON EPSLON,EPS2,EPS3,102,MAX

N1sN

Ml=M

KKK=N+1

DO 20 t=1.KKK

URR(I)=URCT)

VRR{T}=VRLT)

KKK=M+1

DO 25 [=1,KKK

usstry=us(r)

VSS(1)=vs{I)

BAB=USS{ML+L )«USSIML+LI+YSSIML+L)I*VSSIML+])
UD={URR{NL+1I*USSEML+LI¢VRRINL+] ) %YSS(ML+1))/BBB
VD= (USSIMLEL)*VRRINL+1I-URRINL+L)*VSS(ML+1)) /BBB
KKK=NL+1-M1

DO 40 T=KKK;N1L
UT{TISURRET)I={UD#USS(I~-N1+M1)~VDEVSS{I-NL+ML))
VI{I)=VRR{T)~(UD*VSS{E-N1+MLI¢+VD*USS{I~N1+¢ML})
IF{M1.EQ.N1) GO TO 70

KKK=N1-M1

DO 60 I=1,KKK

UTETI=URR(T)

YT{I)=VRRIT)

DO 90 1=1,N1
BBB=DSQRY(UTINL+1-T)RUTINL¢L-T )+ VTINL+L~-T)%VTINL#L-T1)D
[F(BBB.GT.EPSLON) GO TO 100

CONTINUE

DO 95 I=1,M1
BRB=USSI{ML+LI*USSIML+L ¢ VSSINL+L)#VYSS{ML+])
USSSSS=(USSEI)*USS{ML+L)+VSS(T)*VSSIMI+1))/BAB
VSSSSS=LVSSETI*USS{ML 1) -USS{T)*VSS(ML+1))/BBB
USS{I1=USSSSS

YSSIT)=VSSSSS

USSIML+1)=1,0

YSS{ML#1)=0.0

GO 71O 200

K=N1-]

IF(K.EQ.0) GO V0. 170

IF{K.LT2ML) GO TO 140

KKK=K+1

00 130 Jd=1,KKK

URR L =UT (D)

VRRUEJ) =VT{J}
N1=K
GO 7O 30

&
&
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TABLE G.III (Continued)

KKK=K¢1

DO 150 J=1,KKK
URRIJI=USS(S)
VRR{JI=VSSLJI)
USStJI=uT(J)
VSS{d1=VT(J)
KKK=K+2
NNN=ML+1

D0 160 J=KKKNNN
URR{JI=USS(J)
YRR1J) =¥S$SLI)
N1=M1

ML=K

G0 10 30
UsSS{1)=1.0
VSS{11=0,0
M1=0

RETURN

END
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TABLE G.III (Continued)

SUBROUTINE NEWTON(UX,VXyNyUP, VP ;UXD,VXO,CONV)

281
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THIS SUBROUT INE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX~-
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DOUBLE PRECISION UX, VX UP VP, UXO,VXD,aUB,VB,UDPXD,VDPXO,UPXD, VPX(O,U

101FF VDIFF,EPSLEPSLON,EPS3,AAA, RBB
DOUBLE PRECISION ODOD

DOUBLE PRECISION ABPXO

DIMENSION UP(26),VP(26),UB(26),VYB(26)
COMMON EPSL1,EPSLON,EPS3, [02,MAX
LOGICAL CONV

UX0=ux

VX0O=VX

DO 10 I=1,MAX

CALL HORNER(UXO,VXO0.N,UP,VP,UB,VB,UDPX0,VOPXD)

uePxo=ustL)
VPX0=vBall1)
DDD=DSQRY{UDPXD*UDPXO+VDPXOD*VOPXD)
[FIDDD.NELO.O0} GO TO §
ABPXO=DSQRT (UPXO*UPXO+VPXO®*YPX0D)
IF(ABPX0.EQ.0.0) GO TO 20
GO TD 15

5 BBB=UDPXO*UDPXO+VDPXO*YDPXO
UDIFF=(UPXO*UDPXO+VPXO*VDPXO) /BBB
VOIFF={VPXO+*UDPXO~-UPXO*VDPX0)}/BBE
UX0=UX0~UDIFF
VXO=VXO~VOIFF
AAA=DSQRT(UBIFF*UDIFF+VDIFFYDIFF}
BAB=DSQRY{UXO*UXD+VXOeVX0)
IF(8BB.EQ.0.0) GO TO 10
TF{AAA/BBB.LY.EPSLON} GO TO 20

10 CONTINUE

15 CONV=,FALSE.
RETURN

20 CONV=,TRUE.
RETURN
END

B
%
&
#
=
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[
c
c
c
C
C
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TABLE G.III (Continued)

SUBROUTINE OIVIDE(N,UP,VPs MyUD,VDsKoUQ,VQ}

LA RS EE RS P R L P s R R e R e R R A R e R R PRI R R RS 2T E R LRSI SRS R R 2 R R 0 ]

*
%
*
*

&

GIVEN TWO POLYNOMIALS F(X) AND G{X), SUBROUTINE DIVIDE COMPUTES THE %
QUOTIENT POLYNOMIAL H(X) = FIX)}/GU(X). *
&

LS e 2 A e L R Rt et e R R e e R S R L A R R RS S R 2 Ty 2-T 82

10

20

40
45

50
100

DOUBLE PRECISION UP.VP,UD,VD,UQsVQ,UTERM, VTERM ;UDUMMY
DIMENSION UP(26) ,VP(26),UD(26),VD(26),UQ126),VQL26)
K=N-M

UDUMMY=UD(M¢1) 2UDIM+1)+VO(ME L) *VDIM+L)
UQIK+#1)={UP{N#L)*UD(M+L) +VP (N+LI*VD(M+1) ) /UDUMMY
VOUK#L b={VPIN+L)*UD{MeL)-UP(N+L)*VD(M¢+1) ) /UDUMMY
IF{K.EQ.0) GO TO 100

J==1
DO 50 I=1,K
J=Jd¢l

UTERM=UP (N-J}

VIERM=VPIN~-J}

KK=K+1

NNN=M-3

DO 40 ML=NNN,M

IF{KK.GT.1) GO YO 10

GO 70 45

[F{M1.CE.1) GO TO 20

GO Y0 40 :

UTERM=UTERM~ (UQIKK)}*UD{ML)-VQIKK)*VDIML)}
VTERM=VTERM=-(UQ{KK)*VDI{M1}eVQ{KK) *UDIM1))
KK=KK~1

UDUMMY=UD(M+ 1) *UD(M+ 1) ¢VDIM+1) ¥VD(M+1)
UQIK#1-T)=(UTERM*UDIM+L1) ¢ VTERMEVD(M+1) )} JUDUMMY
VOUK+]1-E)=UVTERM®UD( M+1 }-UTERMEVDIM+1} ) /UDUMMY
RETURN

END .
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TABLE G.III (Continued)

SUBROUTINE HORNER(UXoVXyNoUP,VP,UB,VB,UC,VC)
R i R L e e L e e L L TP e e L L P LT s P T et f L
& &
* HORNER®S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL PI{X) AT A &
# POINT D AND ITS DERIVATIVE AT D. SYNTHETIC DIVISION IS USED 7O *
% DEFLATE THE POLYNOMIAL BY DIVIDING OUT THE FACTOR (X - D}, @
L] *
L L e e P T R Lty et e L LTt LIt T S P e et P e TR P T

DOUBLE PRECISION UX,VX o UP,VP,UB,VB,UC,VC

DOUBLE PRECISION UDUMMY,VDUMMY

DIMENSION UP(26),VP(26),UBL26},VB(26)}

UBIN#LI=UP(N¢1)

VBIN+1)=VP(N+1})

UBINI=(UX*UB (N¢L}~VX*VBIN+1) )} +UP(N)

VBIN)={UXEVB(N+L)+VYX*UB(N+L1) ) +VP(N)

UC=UBIN+1)

VC=VBIN#+1}

KKK=N~1

D0 10 T=1,KKK .

UB{KKK+1~T)={UXSUB{KKK+2 -1 )-VX*VB(KKK$+2~[) }+UP{KKK+1~T)

VBIKKK#1-1)=(UX*VBIKKKS2- [ 16 VX*UB(KKK#2~1) )+ VP {KKK+E -1}

UDUMMY =UX*UC-Y X*V(

VDUMMY =UX*VC +V X*UC

UC=UDUMMY #UB (KKK #2-1}

10 VC=VDUMMY ¢+VB(KKK+2~-1)

RETURN
END
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TABLE G.III (Continued)

SUBROUTINE QUAD(IN,UA,VA,J,UR0OOT, VROOT)
Ao o e e o g ok b g Rk ok gk R ARk R R R R R R R ol Rl R e
* *
¥ SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITVIES &
% OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE *
% QUADRATIC IS DONE USING THE QUADRATIC FORMULA. #*
* &
s ot dook o ot ook ok ol el ek et ol ok o OBl o R R R R R e e R ol el R R R
DOUBLE PRECISION EPS),EPS2,EPSLON, UROOT,VROOT sUA. VA, UDISC,VOISC,UD
1,VD,DDD,UTEMP,VTEMP,BB8
DIMENSION URQOYT{25),VROQYT{2%5),UAL26),VA(26)
COMMON EPS1,EPS2+EPSLON, 102, MAX
IF{N.GY,1) GO YO 10
J=J¢l
BRB=UA(2)%UA(2)+VA(2)%VA{(2)})
URDGT(S)=—(UALL)*UA(2)+VA(L)%*VA(2)})/8BB8
VRGOT(J)=—{VA{L})*UA{2)~-UA{L)*VA(2))/BBB
60 TO 100
10 UDISC={UAL2)*UAL2)~VAL2)*VA(2)}) {4, 0% (UALI3)*UA(L)-VA(3)*VA(L)))
VDISC={2,0%UA{2) *VA(2))~(4.0%(UAT3)*VA(L)+VAI3)*UA(L}]))
UD=2.0%YA(3)
VD=2.0%VA(3)
DOD=DSQRT(UDISC*UDISC+VDISC2VYDISC)
IF(DDD.LTL.EPSLON) GO YO 20
CALL COMSQT(UDISC,VDISCLUTEMP,VTEMP)
BBB=UD*UD+VD*VD
UROOT(J+1)=((~UA{2)+UTEMP I *UD+{~VA(2)+VTEMP) *xVD)/BBB
VROOT{J+L)1={{~VA(2}¢VTEMP)2UD-{-UA[2 ) ¢UTEMP I ¥VD}/8BB
UROOTE{J+2)=({~UAL2)-UTEMPIXUD+{~VA(2)~-VTEMP)®VD}/BB8
VROOT (J+2)=({-VA(2)-VTEMP ) *UD~{-UA(2)-UTEMP)*VD) /3BB
J=d+2
GO YO 100
20 J=J+1
B888=UD*UD+VD*VD
UROQT{J)=(~UAL2)*UD-VA(2)%VD)/BBB
VROOY (J)=(~VA(2}*%UD+UA(2)*VD)/BBB
WRITELIG2,1000) URDOT(J)VROOQT{(J)
1000 FORMATI(///1X,11HQUAD FOUND ,D23.16,3H + ,023.1642H [,22H TO BE A N
LULTIPLE ROOT//)
100 RETURN
END



0001

0002
0003
0004
0005
0006
0007
0008
0009
oolo
0011

0001

0002
0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025

QOAACOOO

[sX3X2XsXy

TABLE G.III (Continued)

SUBROUTINE DERTIVIN,UP,VP,M,UA,VA)
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wkkkk g bt b hhhk kR gk Rk bk kR kg e d kbR kR kg Rk kR Rk sk

*

% GIVEN A POLYNOMIAL P(X), SUBROUTINE DERIV COMPUTES THE COEFFICIENTS OF
¥ ITS DERIVATIVE P*{X),

*

*
*
#*
M

bk fopolokob bk kdkokok gk ool ok dlok bk kR Rk kR G hb ke bk f kb Sk kR kR kR RSk ke R %

10

DOUBLE PRECISION UP,VP,UA, VA, AAA
DIMENSION UP(26),VPL26),UAL26),VAL26)

KKK=N+1

DO 10 I=2,KKK
AAA=1-1
UALT-1)=AAA%UP(])
VAUI-1)=AAARYP(])
M=N-1

RETURN

END

SUBROUTENE COMSQT {UX4VXyUY,VY)

Mok kb g dkdokpkg ok kR kR kkok ok kR bk kR Rk ek kR Sk kR kPR kB

#

% THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER,

%

&
*
*

e e e e e o e e e o e e e ok ko ek ok ol e ol koK R B R Aok kR b ko okl Rdolok ook ok e ok Rk ok R ok ook

10

20
30

40

50

60

100

DOUBLE PRECISION UXsVX,UY,VY,DUMMY,R,AAA,BEB
R=DSQRT(UX*UX+VXEVY X}

AAA=DSORT(DABS {{R+UX1/2.0}}
BAB=DSQRY(DABS{{R~-UX)/2.0))

1F(VX) 10,20,30
UY=AAA
VY=-1,0%88B8

GO 10 100
{FLUX) 40450460
UY=AAA

VY=EBB

GO YO 100
DUMMY=DABS{UX)
UyY=0,0

VY=DSQRT (DUMMY )
GO TO 100
uy=0.0

VY=0.0

GO 10 100
OUMMY=DABS (UX)
UY=DSQRT{DUMMY)
vY=0.0

RETURN

END



APPENDIX H
REPEATED G.C.D. - MULLER'S METHOD
1. Use of the Program

A double precision FORTRAN IV program using the repeated G.C.D.
method with Muller's method as a supporting method is presented here.
Flow charts for this program are given in Figure H.l while Table H.III
gives a FORTRAN IV listing of this program.

This program is designed to solve polynomials having degree less
than or equal to 25. In order to solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Table H.I

must be changed.

In this program both the leading coefficient and the constant

coefficient are assumed to be non-zero.

286
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TABLE H.I

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY THE REPEATED G.C.D. - MULLER'S METHOD

Main Program

Data Entry/1H1,1H2,.,.,1H9,2H10,2H11,...,2HXX/where XX = N+1
UAPP(N,3), VAPP(N,3)
URAPP (N, 3), URAPP(N,3)
UP(N+1), VP(N+1)

MULT (N)

UDDO (N+1) , VDDO(N+1)
UD1(N+1), VD1(N+1)
UDDL (N+1) , VDDL(N+1)
UD2(N+1), VD2(N+1)
UG(N+1), VG(H1)
UD3(2N+1), VD3(2N+1)
UD4 (2N+1), VD4 (2N+1)
UAP (N+1), VAP (N+1)
UZROS (N), VZROS(N)
UROOT (N), VROOT(N)
UDO(N+1), VDO (N+1)
ENTRY (N+1)

Subroutines PROD, QUAD
See corresponding subroutine in Table G.I.
Subroutines DERIV, GCD, and DIVIDE
See corresponding subroutine in Table E.I.
Subroutines MULLER, GENAPP, BETTER and HORNER

See corresponding subroutine in Table F.L.

2. Input Data for Repeated G.C.D. — Muller's Method

The input data to the repeated G.C.D. - Muller's method is the
same as for the repeated G.C.D. — Newton's method as described in

Appendix G, § 2.
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3. Variables Used in Repeated G.C.D. - Muller's Method

The variables used in this program are referenced in Table H.II.
The notation and symbeols used in the referenced tables are described

in Appendix E, § 3.

TABLE H.II

VARIABLES USED IN REPEATED G.C.D. - MULLER'S METHOD

Main Program and Subroutine PROD
See Table G.II.
Subroutines QUAD, DERIV, GCD, DIVIDE, and COMSQT
See corresponding subroutine in Table E.VI,

Subroutines CALC, MULLER, GENAPP, ALTER, BETTER,
TEST, and HORNER

See corresponding subroutine in Table F.II.

4, Description of Program Output

The output for this program is the same as that for repeated
G.C.D, - Newton's method as described in Appendix G, § 4. Only one
initial approximation, XO, (not three) is printed. The other two
required by Muller's method are .9XO and l.lXO. The message ''SOLVED
BY DIRECT METHOD" means that the corresponding root was obtained by

Subroutine QUAD.
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5. Informative Messages and Error Messages

Descriptions of the informative messages and error messages printed
by this program can be found either in Appendix E, § 5, Appendix F, § 5,

or Appendix G, § 5.
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Figure H.1l. Flow Charts for Repeated G.C.D.-Muller's Method
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MULLER
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Figure H.l. (Continued)
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TABLE H.IIX

PROGRAM FOR REPEATED G.C.D.-MULLER'S METHOD

FEERPRERRFBUPERXERGEREBERERREEB R RR SR Ep S BEERFERSRREE R SRS EA kP xR bR G hEdbd

DOUBLE PRECISION PROGRAM FOR THE REPEATED Ga.CaDs. — HULLER'S MEYHOD

® 2@
¥ %
# #
# : %*
% VHIS METHOD REPEATEOLY FINDS THE GREATEST COMMON DIVISOR OF THO ®
* POLYNOMIALS IN ORDER 7O EXTRACT THE ZERDS IN GROUPS ACCORDING YO ®
* MULTIPLECITY USING NEWTON®S METHOD. ALL ZERDS OF MULTIPLICITY 1 &
* ARE EXTRAUTVTED FOLLOWED BY VHOSE OF MULTIPLICITY 2, ETC. *
% 2
SRR BERREBEEREEHEREUERRE AR RE X RS BE ARG E e R b b SRR g dl &g b ok e dok e ool dole B
DOUBLE PRECISION EPSL;EPS2,EPS3,UP,VP,UAPP,VAPP,UDO;YD0,UDDO.VYDDO,
1UD1,VD1,UD2,VD2,UDD1 , VDO ;UG YG:UD3,VD3,UD% o VD4, UZROS, VIROS,UAP s VA
2P ,URDOYT, VRODT , DENOM
DOUBLE PRECISION XSTARY
DOUBLE PRECISION XEND
DOUBLE PRECISION URAPPVRAPP
DOUBLE PRECISION EPS4
DIMENSION UAPP{25,3) VAPP{25,3),URAPP(25,3),VRAPP(25,3)
DIMENSION UP(26).,VP(26)sMULT(25),UDDO(26),VOD0OL26),UDLL26),VDL{26)
1., UDDLI263 ,VDD1{26),UD2{26),VD2(26),UGI26),VGL26),UDI{51),VD3(51),U
2D04(511,VD4{51) ,UAP(26) ,VAP{26) 4UZROS{25) s VIROS{25},URO0OY (25} ,VROOT
3(25) s ANAME{2),UDO(26),VDO(26) sENTRY{26)
COMMON EPSL,EPS2,EPS3,EPS4,102, MAX
DATA PNAME ,GNAME/2HP { ; 2HG( /4 DANAME/3HDLL/
DATA ASYER/4H*%%x/ :
DATA ENTRY/1HL31H2:1H3 3 1H4 s THS 3 1H6 2 1HT ;1 HB 1 HI, 2H10; 2H21, 2H12,2H13
192H1452H15,2H1692H17 4 2H185 2H19,2H202H21 4 2H22,2H23 1 2H2492H25,2H26/
DATA ANAME (1), ANAME{2)/4HMULL » 4HERS /
i101=5
102=6 .
1 READ(IO1,1000) NOPOLY ;NP ;NAPP;MAX,EPSL,EPS2,EPS3 XSTARY ; XEND¢KCHEC
1K
TFEKCHECK.EQ.1)} STOP
WRITE({]02,1020) ANAME(1}s ANAME{2).NOPOLY
WRITE(102,2000) NAPP
WRITE(102,2010}) MAX
WRITE(102,2070) EPSL
WRETE(102,2020) EPS2
WRITE(102,2080) EPS3
WRITELID2,2040) XSTART
WRITE(102,2050) XEND
WRITE(ID2,20601
KKK=NP+]
NNN=KKK+1
DO 5 I=1,KKK
JJJI=NNN-I
5 READ(I0L1,1010) UP(JIIJII,VPLIIS)
IF(NAPP.NE.O} GO TO 22
NAPP=NP
CALL GENAPPLUAPP,VAPP NAPP,XSTART)
GO0 YO 23
22 READ(IDL,1015) (UAPP{I,2) VAPP{14+2),1=1,NAPP)
23 WRITE{102,1030) NP
KKK=NP+1
NNN=KKK+ 1
D0 8 I=1,KKK
JJJ=NNN-1
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TABLE H.III (Continued)

HRITE{02,1040) PNAME.ENTRY{JIIIUPLIII) ,VPEISS)
K=0

KD=0

Ji=1

KKK=NP+1

DO 10 I=]qsKKK

uoo{I}=urii}

vDO(1)=vPLI}

NDO =NP

CALL DERIVINDO,UDO,YDO,NODO,UDDO,VDDO}

CALL GCO(NDO,UDOVDO,NDDO,UDDO,VDDO,NDE,UDLsVDL)
WRITE{102,3000) (ASTER,I=1,33)

IF{NDL,.LE.1) GO TO 30

GO TO 40

un2(ir=1.0

vD2(1)=0.0

ND2=0

GO 10 50 .

CALL DERIVINDL,uD1,VD1,NDDL1,UDD1,VODL}

CALL GCD{NDI,UD1,VD1l,NDDLl,UDDLl,VYDDLsND2,UD2,YD2}
IF{NDO+ND2.LE.2%NDL} GO 7O 60

GO 10 70

WRITEL [02,1025) J1

GO 10 170

IFINDL.EQ.O) GO TO 80

60 TO 90 :

KKK=NDO+1

DO 85 I=1,KKK

UGlEd=uno( 1}

VG I)=VDO(I)

NG=NDO

60 T0 110

IF{ND2.EQ.0} GO VO 115

CALL PROD{NDOsUDO,VDO,ND2,UD2,VD2,ND3,UD3,VD3)
CALL PROD{NDL,UD1,VD1,NDL,UD1,VYDL,ND%,UD4,VD4}
CALL DIVIDE(ND3,UD3,VD3:ND4:UD% s VD4sNGoUG,VYG)
WRITE(I02,1035) Ji

KKK=NG +1

NNN=KKK+1

DO 112 [=1,KKK

JJI=NNN-1

WRITE(ID2,1040) GNAME,ENTRY(JJJ) yUGIIIIDWVGLIISD
KKK=NG+1

DO 113 I=1¢KKK

UAP{T)=UGIKKK+L~1)

VAP{I)=VGIKKK+1-1)

CALL MULLER(NG,;UAP, VAP ;NAPP,UAPP,VAPP; J,UZROSYZIROS, JAP 4 XSTART  XEN
1D, NOPOLY s URAPP ;VRAPP)

IF{J.EQ.0) GO TO 150
WRITE(102,1180)
IF(JAPL.EQ.0) GO VO 120
GO 70 130

KKK=NDO#1

DO 116 I=1,KKK
uD3(1)=uDolI}
vD3{I)=VDOl1l)

ND3=NDO

GO 70 100
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TABLE H.III (Continued)

120 KKK=JAP+l
HRITE(102,1085) (f,UZROS{EIoVZROSTL) oJl0 I=KKK, 8}
GO YO 140
130 DO 135 I=1,JAP
135 WRITE(I02,1190) E,UZROSEIH,VZROSTII) s JE URAPP LT ,2),VRAPP{],2}
IF(JAP.LT.J) GO TO 120
140 1F{J.EQ.NG) GO TO 155
150 WRITE(102,1095)
IF(J.EQ.O0} GO TO 170
155 DO 160 I=1,J
URDOT(KD+I)=UZROS(I)
VROOT(KD+1)=VZROS{ I}
160 MULTIKD#I)=J1
K={J*J1)#K
KD=KD+J
I1FIK.GE.NP) GO TG 1
170 Jl=J1+l
IF(ND1.LE.1) GO 7O 200
DO 180 I=1,NDL
upo LI )=uDL(I}
VOOULY)=VvDLI}
uDDO( £ }=UDDLLI)
180 VDDO{13=vODL(I)
UDO(NDL+1)=UDL{NDL1¢1}
VDO(NDL+1)=VDI{NDL1+1}
NDO=ND1
NDDO=NDD1
KKK=ND2+¢1
DO 190 I=1,KKK
udLiIY=uD2L1)
190 VOL(I)=vyD2(1)
ND1=ND2
GO TO 20
200 IF(ND1.EQ.0} GO TGO 1
KD=KD+1
DENOM=UD1(2)#UD1(2)+VD1L2}#VvD1{2)
URCOT (KD} ={~UDL{1}*UDL(2)~VDL{1)*VDL(2} ) /DENOM
VROOT(KD)=(-vDL{1)*UDL{2)+UDLIL}*VDLL2))/DENOM
MULT{KDI=41
WRITE(I02,3000) (ASTER;I=1433)
WRITE(IQ2,1035) J1
KKK=ND1+1 “
NNN=KKK+1
DO 210 I=1,KKK
JJJ=NNN=T
210 WRITE(I02,1100) DINAMESENTRY{JJJI} . UDLIJIID,VDLI{III}
WRITELIO2,41180)
WRITE{102,1085) KD,URDOT(KD),VROOTIKD) (1
GO 10 1
1020 FORMAT(1H1 10X 48HREPEATED USE OF THE GREATEST COMMON DIVISOR AND
LsA%,A4,58H METHOD TO EXTRACT RDOTS AND MULYIPLICITIES OF POLYNOMIA
2LS/711X,18HPOLYNOMEAL NUMBER 12///)
1025 FORMAT(///1X:25HNO ROOTS OF MULTIPLICIYY o12//%
1035 FORMAT{///1X:8THTHE FOLLOWING POLYNOMIAL, GIX), CONTAINS ALL THE R
100TS GF P(X) WHICH HAVE MULTIPLICITY 1277}
1085 FORMAT{2X,5HROOT{s1204H) = ,D23,16s3H ¢ ¢D23.1652H {,8X,12,9K;25HN
10 INIVIAL APPROXIMATIONS}
1095 FORMAT(///71X,51HNOT ALL ROOTS OF THE ABOVE POLVYNOMIAL.G, WERE FOUMN
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TABLE H,III (Continued)

1D//}%

1000 FORMATE3{I21X) o 9Xol13,1Xs38D6,0,1X%),20X,24D7.0,1X},81)

1010 FORMAT{2D30.0}

1015 FORMAT(2030.0!} [

1030 FORMAT{1X22HTHE DEGREE OF P{X) IS 12,22H THE COEFFICIENTS ARE//
13

1040 FORMAT(2X,A2:A2,4H} = ,023.1693H ¢ $D23.16,2H 1)

1100 FORMAT(2X,A3,A2,4H) = 4D23.1693H ¢ sD23.16,2H I}

1180 FORMAT{///1XsL13HROOTS OF PUX) 52X 14HMULTIPLICIVIES,LTX,2HINITVIAL
1 APPROXIMATION//)

1190 FORMAT{2X5HRO0T{12y4H} = ¢D23.1633H + ,D23.1602H [,8X,02,8X,D23,
116¢3H ¢+ ,D23.16,2H I}

2000 FORMAT(1X,41HNUMBER OF INITIAL APPROX IMATIONS GIVEN. 82}

2010 FORMAT(1X;29HMAXINUM NUMBER OF ITERATIONS. 1liXs13}

2020 FORMAT(1X,23HTEST FOR CONVERGENCE.»13X,D9,2)

2040 FORMAT{1X,23HRADIUS TO START SEARCH.,11X,D9.2}

2050 FORMAT {1X,21HRADIUS TO END SEARCH.:13X,09.2}

2060 FORMAT(//1X)

2070 FORMAT(1X,34HTEST FOR ZERO IN SUBROUTINE GCD. +D09.2)

2080 FORMAT{1X,34HTEST FOR ZERO IN SUBROUTINE QUAD. :09.2}

3000 FORMATI/////71X:A3,32A4})

END
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¥ GIVEN POLYNOMIALS REX) AND SiX), THIS SUBROUTINE COMPUTES THE
#* COEFFICIENTYS OF THE PRODUCT POLYNOMIAL T(X) = RiX}.S(X).
*

TABLE H.III (Continued)

SUBROUTINE PROD{MUF VFaNsUGH VG MN, UHy VH)
AREEEUSEREEFRRB SR E R R REBRE RN FRE G RR R FEFH RGP DR E S X SR EGREHE QUG P R HY
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DOUBLE PRECISION UHy VHUFoVFs UG VG

DIMENSION UH(51) oVHISL) UF{26),VF(26),UGL{26),VG{26)

MN=M+N

KKK=MN+1

DO 100 1=1,KKK

K=l

UH(I}=0.0

VH{1)=0.0

IF{1.LE.M+L) GO TO 10

LIMIT=H+L

G0 70 20

LIMIT=I

DO 50 J=1,LINMIT

IF{K.GToN#L) GO TO 50

IF{J+K.EQ.I+1) GO TO 40

GO 70 50

UHCT I =UHTE S+ (UF L) *UGEKI-VF{J)EVGIK) )
VHUD)=VHU DY #(VF{J I RUGIK ) +UF{ I *VGIK ) }
K=K~1

CONTINUE

RETURN

END
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TABLE H.III. (Continued)

SUBROUTINE QUADIN,UA,VA,J,UROQT, VROOT)
$****#t####****##*###ﬁ*****##*#*#**ﬁ*#*tt##t*#*ﬁ***##*“*##$*$##*§#*#$¥ﬁ$*#ﬂ
&

* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULVIPLICEITIES &
% OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE %
% QUADRATIC IS DONE USING THE QUADRATIC FORMULA. %
* &
EE 22 22 L2222 2L 2222222 2SR SRR RS S L RS LTS

DOUBLE PRECISION EPS1,EPS2,EPSLON;URDOT,VROOTUAVA,UDESC,VDISC,UD

1,V0,0DD,UTEMP,VTEMP, BBB
DOUBLE PRECISION EPS4
DIMENSION UROOT(25),VROOT(25),UAL26)3VAL26)
COMMON EPS1yEPS2,EPSLON, EPS4, 102, MAX
IF{N.GT,1) GO TO 10
J=del
BBB=UA{2)*UA(2)+VA(21%VA(2)
URDOT(I =~ C(UAL LY *UAL 21 ¢VALLI®VA(2)) /888
VROOT{I)==(VA{L)*UA(2)}-UALL)}*VA(2))/8BB
GO TO 100
10 UDISC={UAL2)*UA(2)~VA(2)¥VA(2))-14.0%(UA(3}EUALL)-VA(3)%VALLD D)
VOISC={2.0%¥UAI21#VAL2))1-14.0%(UAL3)*VA{L)¢VAL{I)®UALL) ]
UD=2.,0¢UAL3) :
VD=2.0%VA(3)
DDD=DSQRT{UDISC*UDISC+VDISC*VDISCH
IF(DDD.LT.EPSLON) GO TO 20
CALL COMSQT(UDISC,VDISC,UTEMP,YTEMP)
BBB=UD*UD +VD*VD
URCOT(J#+1)=(1~UAL2) +UTEMP}*UD+(—-VAL2)+VTEMP)#VD)/BBB
VROOT(J+1) ={ {~VAL{2)I+VTEMP)*UD—{-UA(2 ) +UTEMP ) *VD)/BBB
URCOT{J#2) ={{~UA(2)-UTEMPI*UD+(-VA(2)-VTEMP)*VD}/BBB
VROOT(J+2}=({-VAL2)-VTEMP}*UD~{-UAL2}-UTEMP)*VD)/BBB
J=J+2
G0 TO 100

20 =g+l
BBB=UD*UD+VD*VD
UROOT (J)=(—~UAL 2} *UD—-VA(2)%VD)/B88
VRODT {J)={-VA(2)*UD+UA(2)*VD) /BBB
WRITE(I02,1000) UROOTLJ),VRAOTL )

1000 FORMAT(/7/1Xo1LHQUAD FOUND sD23.,1653H ¢ 4D23.1642H [922H TO BE A M

1ULTIPLE ROOY//)

100 RETURN
END
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TABLE H.III (Continued)

SUBROUTINE DERIVIN,UP, VP, M,UA,VA)
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* GIVEN A POLYNOMIAL P{X}, SUBROUTINE DERIV COMPUTES THE COEFFICIENTS OF

#
%
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DOUBLE PRECISION UP,VP,UA,VA,AAA
DIMENSION UPL26),VPL26),UAL26),VAL26)
KKK=N+1

00 10 P=2.KKK

AAA=I~1

UALEI~-1)=AAA%UPL])

VALI-1)=AAAXVPLI)

M=N-1

RETURN

END
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TABLE H.III (Continued)

SUBROUTINE GCD{N,UR,VRsM,US, VS ML,USS,VSS)
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GIVEN POLYNOMIALS PI{X) AND DP{X? WHERE DEG. DP{X} IS LESS THAN DEG,
PIX)s SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVESOR OF P{X} AND

DP{X).

DOUBLE PRECISION USSSSS,VYSSSSS

DOUBLE PRECISION URsVRyUS:VSoUSSsVSS,URRVRRUDsVD,UT, VT, EPSLON, EP

152,EPS3,EPS4,BB8

DIMENSION URI(26)sVR{26}US(26),YS{260,USS(26),VS5(26),URR{26} VYRR

126),UTL26) VT 26D

COMMON EPSLON, EPS2, EPS3, EPS4, I02,MAX

N1=N

Ml=M

KKK=N+1

DO 20 I=1,KKK

URR{T)=URLL)

VYRR{T)=VRLI}

KKK=M#+}

DO 25 I[=1,KKK

UssStI)=us(1)

VSStIy=vs(t}
BBB=USSIML+1)*USS(ML+1)¢VSSIML+1)®VSS{ML+1)
UD={URR(NL+1 }*USSIML+1)¢VRR{NL+1)*VSS{ML1+1))/BBS
VO=(USS{M1+L)*VRR{NL+1}~URR{NL+1}*VSS(ML1+1))/BB8
KKK=N1+41-M1 .
D0 40 [=KKKNL
UT(T)=URR(E}~{UDEUSSTTI-NL+ML)-VD*VSS{I-N1+ML D}
VT =VRR{I)—(UD®VSS{ I-N1+M1 §¢VD*USS( I-N1+M1 1))
IF(M1.EQ.NL} GO TO 70O

KKK=N1~M1

DO 60 1=1,KKK

UT{T=URR(I)

VTLI}=VYRRIUT)

DO 90 I=1.:Nl
B8BB=DSQRTIUT(NL+1-F ) *UT{NL+1-T)+VTINL*1-FD4VTINL®I~] )}
IF(BBB.GT.EPSLON) GO YO 100

CONTINUE

DO 95 I=1,M1

BBB=USS{ML+1 )*USSIML&L)+VYSSIME¢L)ISVSS{NLEL)
USSSSS=(USS(T)#USSIMI+1)+VSSLII*VSS(ML+1))}/BBB
VESSSS={VYSSETI*USSIMI+LIY-USSEE)*VSSIMi+l)) /BB
USS{I)=U558SS

VSS({1)=VSSSSS

USS{ML+1)=1.0

VSS{M1+1}3=0,0

GO 10 200

K=N1-1

iF(K-EQ.0) GO 1D 170

IF{KsLT.M1) GO TO 140

KKK=K+]

DO 130 J=1.KKK

URR{J)=UT(J)

VRR{J}=VT{Jd}
N1=K
GO 10 30

-
®
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TABLE H,III (Continued)

KKK=K+1

D0 150 J=1,KKK
URR{ J)=USSL I}
VRR{J)=VSS(J)
USS{JI=UuT(J)
VSSLJ)=VT{J)
KKK=K+2
NNN=M1 ¢+1

DO 160 J=KKK,NNN
URR(J)=USSLJI)
VRR{J}=VSS{J)
Nl=ML

Ml=K

GO Y0 30
UsSS(1)=1.0
VSS5{11=0.0
M1=0

RE TURNM

END
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TABLE H.III (Continued)

SUBROUTINE DIVIDE(N,UP VP M UD VD, KyUQeVQ)
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GIVEN TWO POLYNOMIALS F(X) AND GiX}, SUBROUTINE DIVIDE COMPUTES THE

QUODTIENT POLYNOMIAL HIX} = FIX}/GIX},

%
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DOUBLE PRECISION UP, VP, UDy VD, UQ, VQ,UTERM, VT ERM UDUMMY
DIMENSEON UP{26),VP(26),UD(26),VDI26),UQ(26),VYQL26)

K=N-M
UDUMMY =UD(M+1} *UDIM*1 DHVDIMEL IAVDIMEL)

UQIK#L1 ) ={UP{N$ L) *UDIMe 1) +VPINS L) *VD{ ML) ) FUDUMMY
VQIKeL = {VPIN+L)*UD(M+1)-UP(N+1)*VD(M+1)) /UDUHMY

IF{K.EQ.0) GO TO 100

J==1
DO 50 I=1,K
J=J+1

UTERM=UP(N~J}

VTERM=VPIN-J)

KK=K+1

NNN=M-—J

DO 40 ML=NNN.M

IF{KK.GT.1) GO TO 10

GO 10 45 -

IF{M1.GE.1) GO YO 20

GO TO 40
UTERN=UTERM=-(UQ(KK I *UDIM1 }-VOIKKI*vD{ML))
VYERM=VTERM~ (UQIKK}*VDIML)+VQIKK )} *UD{ML)}
KK=KK-1

UDUMMY=UD(M+ 1) *UD{M+1 ) +VDIM+]1 }*VDIMe1)
UQIK¢#1~1 }={UTERM*UD{ M#1 ) ¢+ VTERM®VD(M+1) ) /UDUMMY
VO{K+1-[)={VTERM*¥UD({ M+ L -UTERM*VD(M+1) ) /UDUMMY
RETURN

END
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% THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER.
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TABLE H.III (Continued)

SUBROUTINE COMSQT{UX,VX,UYLVY)
R TR e S e e P P A e D S e S P P R L S L D e S e T L g L ey

311

%
#*
£

Fpdpikd ik iiobkkdokhitkkh ok kb p bk s Rk kbbb rbd s bk dhpnk g h kR Rkl kg

10

20
30

40

50

60

100

DOUBLE PRECISION UX,VXUY,VY,DUMMYR,AAA,B888
R=DSQRT (UX*UX+VX¥VX)
AAA=DSQRTIDABS((R+UX)/2.0})
BBB=DSQRT(DABS{{R-UX1/2.0))}

IFL{VX) 10420,30
UY=AAA
VY=-1,0%¥BB8

GO Y0 100
IFLUX) 40,50,60
UY=AAA

vY=888

GO TO 100
DUMMY=DABS tUX}
uyY=0.0
VY=DSQRT{ DUMMY)
GO 1O 100
UY=0,0

¥¥=0,0

GO T0 100
DUMMY=DABS (UX)
UY=DSQRT{DUMMY)
VY=0.0

RETURN

END
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TABLE H.III (Continued)

SUBROUTINE CALCIUXL VX1oUX2,VX2,UX33VXIoUPXLE,VPXLoUPR29VPX2,UPK3,V
1P X3 UX4 o VX4 2UQ4 9 VQ4 9 UH3 4 VH3 )
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GIVEN THREE APPROXIMATIONS X{N-2), X(N~1}, AND XIN}, SUBROUTINE CALC
APPROXIMATES THE POLYNDMIAL BY A QUADRATIC AND SOLVES FOR THE ZERO OF

THE QUADRATIC CLOSEST TO X{N)., THIS ZERO 1S THE NEW APPROXIMATION
X{N¢1l) TO THE ZERD OF THE POLYNOMIAL.

DOUBLE PRECISION ARGlsARG2

DOUBLE PRECISION UPX3,VPX3,UPX2y)VPX2oUXLyYXLeUX29VX2UX3, VX3 ,UPXL,
IVPX1,UH3 o VH3 JUH2 o VH2 4 UQ3 9 VQ3 ,UD VD UB VB UL+ YCoUDESC,VYDISC,UCCC,VC
2CCoUDEN1,VDEN1,UDEN2; VDEN2 yUQ4 4 VQ4,UXG o VX4 EPSRT ,EPSQ.EPS,UBDD, VDD
3D,AAA,BBB,RAD,UAAA,VAAA,UBBB,VBBE

DOUBLE PRECISION THETA,ANGLE UTEST(VTESY

DOUBLE PRECISION EPS1

COMMON EPS1,EPS,EPSOSEPSRY, 102, MAX

UH3=UX3~-UX2

VH3=VX3-VX2

UH2=UX2~UX1

VH2=Y¥X2-VX1

BBB=UH2Z*UH2 +VH2&VH2

UQ3={UH3*UH2+VH3*¥VH2) /8B8

VQ3= (VHI*UH2-UH3*VH2 } /888

ubDD=1 ,0+UQ3

vDDD=vQ3

UD=(UPX3-(UDDD*UPX2-VDDD*VPX2) } +{UQI*UPXI-VQ3*VPX1}

VO={ VP X3~ (VDDD*UPX2+UDDD*VPX2) ) +{VQ3*UPX1+UQ3I*VPX1}

UAAA=2,0%*UQ3

VAAA=2.,0%VQ3

UAAA=UAAA+L.O

UBBB=UDDD*UDDD~VDDD&VDDOD

VB8B=VDDD*UDDD+UDDD*VODD

YCCL=UQ3*UQ3-vQ3*va3

VCCC=VQ3I*yQa+uQ3*vQ3

UB={ (UAAA*UPX3-VAAA*VPX3)—-{UBBB*UPX2-VBBB*YPX2)} ) +1UCCCHUPXI-VCCC Y
1Px1)

VB={ (VAAARUPX3+UAAA®VPX3)~(VBBB*UPX24UBBB*VPX2) )+ (VCCCHUPXLSUCCCHY
1PX1)

UC=UDDD*UP X3-VDOD*VPX3

VC=VDOD*UPX3 +UDDD*VPX3

UDISC={UB*UB~-VB*VB}—(4.0%{UD¥UC-VD#VC))
VDISC={2.0%(VB*UB))-( 4.0 VO*UC2UD*VC]})
AAA=DSQRT{UDISC*UDISC+VDISC*VDISC)

IFLAAAEQ.0.,0) GO TO 5

60 10 7

THETA=0.0

G0 Yo 9

THETA=DATAN2(VDISC,UDISC)

RAD=DSQRY(AAA}

ANGLE=THETA/2.0

UTEST=RAD*DCOS (ANGLE)

VTEST=RAD*DSIN(ANGLE}

UNEN1=UB+UTEST

VDEN1=VB+VTEST

UDEN2=UB-UTEST

VDEN2=VB-VTEST

&
=
L4
&
£
2
&
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TABLE H.IIT (Continued)

ARG1=UDEN1*UDEN1+VDEN1*VDEN]
ARG2=UDEN2*UDEN2+VDEN2%VDEN2
AAA=DSQRT (ARGL)

BBB=DSQRT(ARG2)

IF(AAA.LT.BBB} GO TO 10
IF{AAA.EQ.0.0) GO YO 60
UAAA=~2,0%UC

YAAA=-2.0%VC

UQ4=(UAAA=UDENL +VAAAXYDENL } /ARGL
VQ4=(VAAA*UDEN1-UAAA*YDENL } /ARG
GO0 70 50

IF{8BB.EQ.0.0) GO YO 60
UAAA=-2,0%UC

VAAA=-2,0%VC
UQ4=({UAAASUDEN2+VAAAXVDEN2) /ARG2
VQ4={VAAA*UDEN2~UAAA*VODEN2 } /ARG2
GO TQ 50

UX4=UX3+ (UH3%UQ4~VHI%VQ4)
VX4=VX3+{VHI*UQ4 +UH3 ¥VQ4 )

RETURN

UQ4=1.0

V@4=0.0

GO YO 50

END
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TABLE H.III (Continued)

SUBROUTINE MULLERINP,UA,VA,NAPP,UA
1XSTART, XENDo NOPOLY y URAPP , VRAPP)

PPoVAPP,NROOTy UROOT ¢ VRODT, IRDTT

314
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18

25
27

30

40

MULLER®S METHOD EXTRACTS THE ZEROS
POLYNOMEIAL OF MAXIMUM DEGREE 25.

POLYNOMIAL IS APPROXIMATED BY A QU
CLOSESY TO THE OLD APPROXIMATION I
IN THIS MANNER A SEQUENCE IS OBTAI

DOUBLE PRECISION UPX3 ,VPX3,UPX2,VP
Lo UX25 VX2 UWORK s VWORK ¢UX3,VX3,UB,VB
2RAPP,UPX4%y VPX4 yEPSRT 4EPSD,EPS,CCC,
3,Q0Q,XSTART, XEND

DIMENSTON URQQT(25),VROOT(25),MULT
10261, VWORK{26),UBL26) ,VB(26),UA(26

LOGICAL CONV

COMMON EPSM, EPS,EPSOLEPSRY,102,MAX

DATA PNAME,DNAME/ 2ZHP (, 2HD(/

EPSM=0,0D00

EPSRT=0.999

NROOT=0

1ROOT=0

IPATH=1

NOMULT=0

NALTER=0

ITIME=0

1APP=1

ITER=]

IF{NAPP.NE.O) GO TO 18
NAPP=NP

CALL GENAPP{UAPP,VAPP,NAPP ¢ XSTART)

GO TO 27

DO 25 1=1.NAPP

UAPP(1,1)=0,9%UAPP([42)

VAPP{I31)=0,9%VAPP({],2)

UAPP{T33)=1,1%UAPP(I,2)

VAPPUI 43)=1 1%VAPP(1,2)

KKK=NP¢1

00 30 I=1,KKK
UWORK{ T }=UALT}

VWORK{T}=VAILI)

NWORK=NP

UX1=UAPPLIAPP,1}

VX1=VAPP(1APP,1)

UX2=UAPP({APP2)

VX2=VAPP(IAPP,2)

UX3=UAPP{LAPP,3)

VX3=VAPP{IAPP,3}

CALL HORNER{NWORK, UHORK ;VWORK,UX1,
CALL HORNER(NWORKUWORK; VHORK oUX2y

CALL HORNER{NWORK, UWORK, VAORK ,UX3,

AND THEIR MULTIPLICITIES OF A
THROUGH THREE GIVEN POINTS THE
ADRATIC, THE ZERD OF THE QUADRATIC
S TAKEN AS THE NEW APPROXIMATION.
NED CONVERGING TO A ZERO,

X2 oURDQT sVROOT 4 UXL, VXL UAPP,VAPP
sUX4 o VX4 UA VA, UPX1 o VPX]1 ,URAPP,V
EPSMy,UH3,VH3,UQ4,VQ4,ABP X4 ABPX3

(25),UAPP(25,3) ,VAPP{25,3),UWORK
Yo VAI26) ,URAPP (25030, VRAPP (25,3}

VX1,UB,VYB;UPX1,VPX1)
VX2 ,UB,VB,UPX2,VPX2}
VX3,4UB,VBUPX3,VPX3)

50 CALL CALC{UXY gVXLoUX2,VX2sUXI oW X3yUPXLaVPX1UPX2,VPX2,UPX3,VPXRI UK

14,VX4,UQ4,VQ4, UH3, VH3)

60 CALL HORNER(NWORK UWORK;YWORK;UX4y VX4oUB VB UP X4y VPR 4D

ABPX4=DSQRT{UPX4G3UPX4L+VPXLRVPXS)
ABPX3=DSQRT{UPX3*UPXI+VPX3I#VPXI)
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7

80

8l

82

55

85
81
90

100

120
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TABLE H.IIT (Continued)

IF(LABPX3.EQ.0.0} GO TO 70
QQQ=ABPX4/ABPX3

IF(QQQ.LE.10.) GO TO 70
UQ4=0.5%U0Q4

VQ4=0, 5%¥VQ4

UX4=UX3+{ UHI*UQ4~-VH3I*VQ4)
VX4=VX3 +{ VH3%UQ4 +UHI 2VQ4)

GO 70O 60

CALL TESTIUX34VX3;UX4,VX4,CONV)
IF{CONV) GO TO 120
IFLITER.LT.MAX) GO TO 110

CALL ALTER{UAPP{LAPP,1),VAPP(IAPP:1);UAPPIIAPP 2} ;VAPP{IAPP:2) VAP

1P{IAPP3) , VAPPIIAPP,3},NALTER, ITINE)

[F(NALTER.GY,.5} 6O TO 75

ITER=1

GO YO 40

IF{TAPP.LT.NAPP) GO TO 100

IF(XEND.EQ.0.0) GO TG 77

IF(XSTART.GT.XEND} GO TO 77

NAPP=NP

CALL GENAPP(UAPP;VAPP,NAPP,XSTART}

1APP=0

GO 7O 100

WRITE(102,1090)

KKK=NWORK+ L

WRIVE(102,10351 (DNAME,JoUWORKLJ) s VHORKE J) ¢ J=1 o KKK)
IF (NROOT.EQ.0) GO TO 90

IF{IPATH.EQ.1) GO TO 82

IPATH=2

CALL AETTER{UA VA ;NP ,URQOT, VROOT oNROOT s URAPP; YRAPP , EROOT { MULY )
RETURN }
IF(NROOT.EQ.0)G0 TC 90

IF{ IROOT.EQ.0} GO 7O 85

WRITE(102,10801}

DO 55 I=1,1R00T

WRITE(102,1085) 1,URDOT{E} VROOT{I) URAPP{1,2)«VRAPPI],2)
IF (IRODT ,LT.NROOT) GO TO 85

GO YO 87

KKX=IRDOT+1

WRITE(I02,1086) (1,URD0T{1),YROOT (1) I=KKK,NROOT)
IFLIPATH.EQ.1) GO TO 81

RETURN

WRITE(1D2,1070) NOPOLY

RETURN

1APP=1APP ¢l

ITER=1

NALTER=0

60 T 40

NROOT=NROOT ¢1

1R00T=NROOT

MULT (NROOT)=1

NOMULT=NOMUL T+1

UROOT (NROOT }=UX4

VROOT (NROOT ) =VX4

URAPP (NROOT ;1) =UAPPLIAPP 1}
VRAPP(NROOT; 1} =VAPP{ 1APP, 1}
URAPPINRODY ;2) =UAPPL IAPP 2}

VRAPP (NROOT s 2} =VAPP{ 1APP 2}
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0125
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TABLE H.IIT (Continued)

URAPP{NROOY 3} =UAPP(IAPP,3}
VRAPP{NRDOT ; 3)=VAPP{TAPP,3)
125 IF(NOMULT.LT.NP) GO TO 130
GG 1O 80
130 CALL HORNER(NWORK UHORK ; VHORK s UX 43 ¥X4UB VB, UP X4, VPX4)
NWORK=NWORK-~1
KKK=NWORK+1
DO 140 I=1:KKK
UWORK( T}=UB{1)
140 VWORK(I)=VBLT)
CALL HORNER{NWORK s UHORK,YWORK s UX43VX4,UB, VB UP X4, VPX4S)
CCC=DSQRT(UPX4*UPX&+VPX4¥VPXL)
IFICCC.LT.EPSH} GO YO 150
IF (NWORK,GT.2) GO TO 75
IRQOT=NROQT
KKK=NWORK+1
DO 145 I=1,KKK
UB( I)=UWORK{KKK+1-T}
145 VB(I)=VWORK(KKK+1~[}
CALL QUAD(NWORK,UB,VB,NROOT,URCOT ,VROOT )
GO YO 80
150 MULTINROOT)=MULT{NROOT}¢1
NOMULT=NOMUL T+
GO TO 125
110 UX1=ux2
VX1=VxX2
Ux2=uUx3
VX2=VX3
UX3=UX4
VX3=V¥X4
UPX1=UuPx2
VPX1=VPX2
uPXx2=UPX3
VPX2=VPX3
UPX3=UPX4
VPX3=VPX4
ITER=ITER+]
GO 10 50
1090 FORMAT(///,1X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
1ZERDS WERE FOUND//)
1080 FORMAT{///1%,13HROOTS OF G{X},83X,21HINITIAL APPROXIMATION//}
1070 FORMAT(//.43H NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER ,12)
1086 FORMAT{2X,5HROOT{,12,4H) = ,D23.16:3H + 4D23.,1642H 1,19X,23HSOLVED
1 8Y DIRECT METHOD)
1035 FORMATI{3X,A2,1254H) = ,023,16,3H + ;D23.16,2H !}
1085 FORMAT(2X,S5HROOT(,12,34H) = 3023.1693H ¢ ,023a1642H [,18X:D23.16,3H
1 + ,D23.16,2H 1)
1000 FORMAT(3(T12,1X)s9K13:8Xe3{D6.0¢1X),13X:e21072041X),11)
END
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TABLE H.III (Continued)

SUBROUTINE GENAPP{APPR,APPI, NAPP,XSTART)

SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS,
DEGREE OF THE ORIGINAL POLYNOQMIAL,

Rkbkdkdok gk kb bRk SRR A RR Rk RN RPN N E SRS REGE R R B AR RS AR R e R G S h kR

WHERE N IS THE

317

%
*
&
*

BERARERRRR PR RN X RREE R R R FAN R ARG RN AR S SR LU SR ARG IR S G o a SR b S Sp e bRy

10

20

DOUBLE PRECISION APPR,APPI XSTART,EPS1,EPS2,EPS3,BETA
DOUBLE PRECISION EPSM

DIMENSION APPR{2553),APP1(25,3)
COMMON EPSM,EPS1.EPS2,EPS3,102.MAX
IF{XSTART.EQ.0.0) XSTART=0.5
BETA=0.2617994

DO 10 I=1,NAPP

APPRIUI 42)=XSTART*DCOSI{BETA)
APPIII:2)=XSTART*DSIN{BETA}
BETA=BETA+0.5235988
XSTART=XSTART#0.5

DO 20 I=1,NAPP
APPR{IL,1)=0,9%APPRI1,2)
APPI(I41)=0,9%APPII,2)
APPRUE:3)=1.1%APPR(I[,2)
APPI(TI+3)=1,1%APPI(1,2)}

RETURN

END
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TABLE H.III (Continued)

o601 SUBROUYTINE ALTER{KIR X1 s A2R X2 T o X3R4 X3 1 s NALTER, ITIME)
C 2SR TR RIS L e R R T R R R T R T AU T T
[ ' &
C % SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO #
c #* CONVERGENCE TD A ZERO. THIS IS DONE A MAXIMUM OF S TIMES FOR EACH ROOY, #%
c % %
[ P2 E 2 LSRR R 2 22 R AR R R A R R Rttt P T e
0002 DOUBLE PRECISION X1RsXEIoU2R s X2 o X3R g XIUsEPSLLEPS2,EPS3,R,BETA
0003 DOUBLE PRECISION EPSM
0004 COMMON EPSM,EPSL1,EPS2,EPS3,102,MAX
0005 IF{ITIME.NE.O) GO TO §
0006 ETIME=]
0007 WRITE(I02,1010) MAX
0008 S IF(NALTER.EQ.0) GO TO 10
0009 WRITE(I02,1000) XIRsX1EoX2R9X21,X3RyX31
0010 60 70 20
0011 10 R=DSQRT{X2R*X2R¢+X21%X21)
0012 BEYA=DATAN2{ X2] 4 X2R)
0013 WRITE(102,1020) XL1RoX1I,X2Ry X214 X3R X3}
0014 20 NALTER=NALTER+}
0015 IF{NALTER.GT.5) RETURN
0016 GO TO (30,40,30,40530)NALTER
00L7 30 X2R=-X2R
ools X2[=-X21
0013 GQ T4 50
0020 40 BETA=BETA+1.0471976
0021 X2R=R*DCOS{BETA)
0022 X21=R*DS IN(BETA)
0023 50 X1R=0.9%X2R
0024 X11=0.9%X21
0025 X3R=1,1%X2R
0026 K3I=1,1%%21
0027 RETURN )
0028 1000 FORMAT(1Xo5HXL = ,D23.1643H ¢ ¢023.16:2H [:10X,22HALTERED APPROXIM
LATIONS/Z1Xs5HX2 = 3D23:1653H ¢ D23,1602H 1/1Xy5HX3 = 4D23.16,3H +
2:023.1642H 1/)
0029 1020 FORMAT(1HO,SHXL = 3D23.1643H + 4D23.1642H [,10X,22HINITIAL APPROXE
IMATIONS/LXo5HX2 = 3D23416,:3H + ¢D23.16,2H 1/1Xe5HX3 = 3023,1693H +
: 2 023.1642H4 1/}
0030 1010 FORMAT(///1X,54HNO CONVERGENCE FOR THE FOLLOWING APPROXIMAVIONS AF

LTER 13,12H ITERATIONS.//)
0031 END
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TABLE H,IIT (Continued)

SUBROUTINE BETTER(UA VA NP +URODYT 4 VROOT sNROOT y URAPP VRAPP s TROOT s MUL
in

319

*

* SUBRDUTINE BETYER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZERDS FOUND
* BY USING THEM AS INITIAL APPROXIMAYIONS WITH MULLER?S METHOD APPLIED YO

®
L

PP o &

THE FULL, UNDEFLATED POLYNOMIAL.

LR X B & 1
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10

20

30

33

34
35

"DOUBLE PRECISION UROQGT VROOT )UAe VA, UBAPP,VBAPP UXL ¢V X1,UK2,V¥X2,UX3
1 eVX3 yUPXL o VPXL yUPX2 4 VPR2ZyUPX3I 1 VPX39UBy VB URDOTS, VRODT S, EPSRY UX% sV
2X4 URAPD JVRAPP EPSOLEPS UQ4 VA4 ¢ UHI s VHI

DOUBLE PRECISION EPSM

LOGICAL CONV

DEIMENSION URODT(25) ,VROOT(25) UAL26) 4VAL26),UBAPP(25,3) VBAPPI2S,3

1),UB(26) (VBL26) yUROOTS(250, VRODTS(25 ) yURAPP(2543) oVRAPP(25,301,MULT

329
COMMON EPSMEPS)EPSOLEPSRT 402y MAX
IFINROOT CLE.L} RETURN
L=0
00 10 1=1,NROOT
UBAPP{ 1,1 )=UROOT {11 #EPSRY
VBAPP(T,1)=VROOT(I)EPSRT
UBAPP( [y 2)sURCOT(L)

VBAPPL L 2)=VROGT(1)

UBAPP {1 ,3)=URCOT{T)®(2,0~EPSRT)
VBAPPLI,3)=VROOT (1) *(2.0-EPSRT)
DO 100 J=1,NROOT

UX1=UBAPP(J41)

VXL=VBAPPIJ 1)

UXx2=UBAPP( Js2)

VX2=VBAPP(J+2)

UX3=UBAPPL 43}

VX3=VBAPP(J+3)

1TER=1

CALL HORNERUINP JUASVA,UXL o VXL,UBy VB UPXLyVPX1)

CALL HORNERINP yUAs VA, UX24VX29UB4VBUPX24VPX2)
CALL HORNERINP ¢UAs VA 4UX3 VX3 9UBy VB4 UPX3,VPX3)
CALL CALCIUXL yVX1qUX2oVX2UXI VXTI UPKL VPXLUPX2,VPX2,UPX3,VPX3,UX

144VX4,UQ4y VQ4UHS, VH3)

CALL TESTIUX3,VX3,UX4yVX4yCONVY
IF(CONV) GO TO 50
IFCITERJLTMAXY GO TQ 40

WRITEL 102410001 JoUROOT(J) . VROOT (J) 4 MAX
WRITE{102,1010) UX4,VXe
IF(Jd.LT.IROGT) GO TO 33
IF(J.EQ. IROOTY GO VO 35

GO 10 100

KKK=IROOT-1

D0 34 K=JyKKK

URAPP(K, 1)=URAPP{K#1,1)
VRAPP(Ky 1 )=VRAPP(K+1,1}
URAPP(K¢2)=URAPPLK+L 42}

. VRAPP(K, 2)=VRAPP(Kely2)
URAPP{K o 3)=URAPP(K+1,3)
VRAPP{Ky3)=VRAPP{K#+1,43}

EROQT=IROOT~]
GO T0 100
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TABLE H.III. (Continued)

UXt=ux2

VX1=¥X2

UX2=UX3

VX2=VX3

UX3=UxX4

VX3=VX4

UPX1=UPX2
VPX1=VPX2
uUPx2=uUPXx3
VPX2=VPX3
ITER=ITEReL

GO YO 20

L=L+1
URODTS (LY =UX4
VROOTSILY=VX4
CONTINUE
IF(L.EQ.0) GO TO 120
DO 110 I=1,L
UROOTLI)=UROOTSET)
VROOT (1) =VROOTS(1)
NROOT=tL

RETURN

NROOT=0

RETURN

210NS)

1/}
END

1000 FORMAT(///42H IN THE AVTEMPYT TO IMPROVE ACCURACY, ROOT{.,12,4H) = ,
1D23.1633H ¢+ 3D23.16.,2H 1/24H DID NOT CONVERGE AFTER

v13,11H ITERAT

1010 FORMAT(30H YHE PRESENY APPROXIMATION IS ,D23.16,3H ¢ ,D23.16¢92H I/

320
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TABLE H.III (Continued)

SUBROUTINE TESTIUX3 ,¥X3 U4 ¢ YX4% o CONV)
UEEBXRRNG R RTRCI R R E R A R R R e UG I SRS SRR AU BRI PR RE SRS RE R LR SR ARV ER GGGy
#* =
* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- ®
* IMATIONS BY TESTING THE EXPRESSION *
# ABSOLUTE VALUE OF (XIN#Ll}-XIN))I/ABSOLUTE VALUE OF X(N#1}), ©o%
* WHEN IT IS AS SMALL AS DESIRED, CONVERGENCE IS OBTAINED. *
® *
EE e T S R T R s i e I L PSS R R R ST T S TR AT Y
DOUBLE PRECISION UX3,VX3,UX&sVX4 EPSRY,EPSO,EPSyAAA, UDUMMY , YDUNMY,
1DENOM
DOUBLE PRECISION EPSH
LOGICAL CONV
COMMON EPSM, ERS, EPSO,EPSRT 1024 MAX
UDUMMY=UX4-UX3 ‘
VOUMMY =V X4-VX3
AAA=DSQRT (UDUMMY 2UDUMMY +VOUMMY VDUMMY }
DENOM=DSQRT (UX4¥UX 4+ VX4*VX4)
IF(DENUM.LT.EPSQ)} GO TO 20
IF{AAA/DENOM.LT.EPS) GO TO 10
5 CONV=.FALSE,
GO 10 100
10 CONV=, TRUE,
GO 10 100
20 IF{AAALT.EPSO) GO TO 10
GO 10 5
100 RETURN
END

SUBROUT INE HORNER (NA ,UAs VA, UXsVXaUBo VB, UPX,VPX)
&#####$*****&#t###*###t#t*##*#ta***#*3**#**$*‘#*#*t#*#*#*#ﬁ###tt#***‘*##*##*
% #®
* HORNER®S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P(X) AT A POINT D.
% SYNTHETIC DIVISION IS USED TO DEFLATE THE POLYNDMIAL BY DIVIDING OUT THE #
* FACTOR {X-D), #
L] &*
*#***t#&‘#*****#*#t***********t&**#t***#*‘***$**#*$3$¢$*#*1@***#*##*#‘*#&#**

DOUBLE PRECISION UXs¥XUPX,¥PXoUB,VB,UA VA

DIMENS LON UA(26);VAL26),UBI26),VB(26)

UB(1)=UA(L)

VB{1)=VA(L)

NUM=NA+1

DO 10 1=2,NUM

UB(T1=UACT)+(UBLI-1)#UX-VB(I-1)%VX)

10 VBLII=VALI)+(VBLI-1)*UX+UBII-1) %yX}

UPX=UB {NUM)

VPX=VYBINUM)

RETURN

END



